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SUM MY 
An advanced finite-element package, tailored to the static and 
dynamic analysis of radial impellers has been produced. Two families 
of new elements, one for thin and thick plates and the other for thin 
and thick shells, have been derived and proved to perform very well 
within a wide range of structural thicknesses. Static and dynamic 
economical solvers, two- and three-dimensional mesh generation and 
plotting, sectorial symmetric analysis, steady state response, 
transient response, and other programs are part of the large number of 
facilities available in the package. 
The finite-element package has been validated by solving a 
large number of simple case studies and comparing the package results 
with those obtained from analytical solutions. 
Two different radial impeller, experimental validation tests 
have been carried out, the first being the dynamic analysis of a 
radial impeller using the time averaged holographic technique, and the 
second the measurement of the steady-state stresses by means of a 
strain-gauge/slip ring assembly for a rotating impeller. The 
experimental results have been shown to be in good agreement with 
those obtained from the package. 
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CHAPTER ONE 
INTRODUCTION 
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INTRODUMICK 
A radial impeller, which can be a pump, a centrifugal 
compressor, or a radial turbine, is a very useful engineering device. 
Radial impellers have a wide range of applications. They are used in 
fuel and starting systems for aircraft and rocket engines, they are 
employed as superchargers for internal combustion engines, and they 
can be utilised as HP compressors in multi-spool jet engines. 
Although designers working in the more conventional areas of 
industry, for example in some pump companies, may not feel the need 
for an advanced FEM package for the stress analysis of radial 
impellers, the situation may well be a little different in the more 
"High Technology" areas of industry. With the implementation of high 
speed radial impellers in jet and rocket engines, it is extremely 
important to have designs based upon rigorous analysis techniques. 
Analytical solutions to the stress analysis of radial impellers 
have been carried out by many investigators, as pointed out by Kikuchi 
(Ref. 1] and Sham Sunder [Ref. 2]. A finite-difference technique for 
the stress analysis of rotating discs with asymmetric profile was 
employed by Thurgood and Givan [Ref. 3], and by Thurgood [Ref. 4]. 
Thurgood and Givan (Ref. 51 compared their approach [Ref. 3] 
with a number of earlier analytical techniques and concluded that none 
of these earlier methods produced satisfactory results for the range 
of different types of radial impeller. 
From the previous literature it is clear that classical 
analytical methods cannot cope with the wide range of radial impeller 
design required. This uncertainty in the determination of impeller 
strength would therefore require the implementation of high safety 
factors which would, almost certainly lead to overdesign. 
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Experimental three-D stress and dynamic analysis is an expensive 
option. 
From the early sixties, the finite element method (FEM) has 
proved to be a very powerful technique for dealing with complex 
structures such as radial impellers. An early attempt in which 
two-dimensional axisymmetric finite elements were employed, was that 
of Kikuchi, [Ref. 1) who himself recommended the use of three-D finite 
elements, in order to improve the accuracy of the solution. A more 
recent contribution was that made by Sham Sunder from whose work the 
following conclusions can be drawn. 
" Three-D solid elements may not be the correct type of 
element for modelling of both thin blades and discs 
" The lack of an eigenvalue economisers may limit the 
practicability of the use of his program for dynamic 
analysis of radial impellers 
" The use of the following equation 
6E 9i Ni 
for the representation of the cylindrical coordinate 
A, in terms of nodal values and shape functions, is not 
an isoparametric transformation and may lead to inaccurate 
solutions. 
From the late sixties to the present, a large number of FEM 
packages have been developed, but to the author's knowledge, there is 
not an FEM package tailored to the mechanical design of radial 
impellers. By the same token, versatile packages are too expensive 
and too complex to be used regularly. The FEM investigator, who would 
wish to test original ideas related to the FEM theory, has no option 
but to do so within his own programming system. It was envisaged that 
the best course for achieving useful original research into FEM 
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theory, was through the production of a computer package, and by 
making this package commercially useful, two birds will be hit by one 
stone. 
An early difficulty with the employment of the FEM for the 
analysis of complex structures, was the generation of thousands of 
equations which would probably require an enormous amount of computer 
CPU time for their solution. Hence, it was essential to use 
economical static and dynamic solvers. With the development of such 
solvers and improvements in computer technology, it became obvious 
that a very useful development would be the minimisation of the human 
effort required for the preparation of FEM data. 
Although thousands of papers and technical notes, on the 
subject of the FEM, are published every year there are still an 
enormous number of problems to be solved in this field. 
Paradoxically, it is therefore a little difficult to decide in which 
direction ones efforts should be aimed. However, when designing a 
computer package tailored to the analysis of a specific type of 
structure, the priorities of the task help to define the problems 
which must be tackled. 
Work Objective 
In line with the previous considerations, it was decided that 
the basic objective of this work was the design of an advanced FEM 
package which would be capable of static and dynamic analysis of 
radial impellers, or any other similar structure. 
Although it appeared that finite element programming could 
become the major activity in the present work, some degree of 
originality would be an essential requirement if a competitive package 
tailored to such an objective was to be developed and if designers 
were to be offered an alternative which led to better impeller design 
than could be obtained from the available general purpose packages. 
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Package Requirements 
In order to achieve the previous main objectives the proposed 
package should satisfy the following basic requirements. 
(i) Economical Solver 
A principal requirement for a competent FEM package is that it 
should contain the most economical solver. At the early stages of 
building the present package, it was not quite clear which solver 
could be considered to be the best. Banded and Frontal solvers were 
tried in this work, together with a number of eigenvalue economisers. 
Naturally, some conclusion will be given later concerning the 
economical solver recommended for a particular task. 
Sectorial symmetry of structures, such as radial impellers, 
could also save a considerable amount of CPU time and human effort, if 
it is properly implemented. 
(ii) Accuracy of the Finite Element Modelling 
For the static and dynamic analysis of radial impellers, with 
disc and blades of variable thickness, the axisymmetric and/or 3D 
solid elements would be inadequate. 
Thin and thick plate and shell elements should be considered. 
An attempt to develop accurate new plate and shell elements, which 
perform well with thin and thick structures, will be made here. 
(iii) Minimisation of Human Effort 
A versatile 2D-3D mesh generation facility is, without any 
doubt, essential. At an early stage of this work, the idea of 
designing a geometrical modeller was considered. However, due to time 
limitations, it was decided to abandon such an idea and to develop 
instead some additional techniques which could deal efficiently with 
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the mesh generation of radial impellers. Fortunately, it is still 
possible for the present package to be interfaced with commercial 
geometrical modellers. 
(iv) Expandability 
It is useful for the future development of a programming 
package for it to be designed in a way which allows for its 
expandability. A modular design approach should be adopted in which 
the package would be divided into a number of suitable modules which 
can easily be linked together. 
(v) Usability 
It is little use designing a sophisticated package without 
facilitating its use. A comprehensive users guide might even 
discourage designers from using the package. The following basic 
approaches could be introduced in order to improve the usability of a 
programming package: 
" The implementation of self-explained, user-friendly, 
data modules. 
0 The clear display of tabular and graphical output. 
" The use of a command procedure for the automatic control 
of the package operation. 
The above points do not, of course, exclude the necessity for 
producing a well-explained users guide. 
(vi) Validation 
There is a golden rule set by the IBM company in order to 
comfort programming beginners that "every program has at least one 
error". If this is the case, and usually it is, then program 
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validation is vital. A number of validation cases should be used with 
the package so as to verify each part, before releasing the package 
for commercial use. 
Thesis Construction 
The major part of this thesis represents a detailed guide for 
the theory and application of the programming package. Chapter 2 
deals with the theory of the FEM applied to C°-elements, whilst old 
and new plate and shell elements are explained in Chapter 3. A basic 
review of the package solution procedures is introduced in Chapters 4 
and 5, for static and dynamic analysis, respectively. 
Mesh generation and plotting, with additional facilities for 
radial impellers, is illustrated in Chapter 6. A general description 
of the present programming package is reviewed in Chapter 7. Results 
and a discussion of the validation of the package together with 
engineering case studies, including some useful experimental work, are 
summarised in Chapter 8, whilst the final conclusions are listed in 
Chapter 9. 
Due to the wide range of finite element aspects discussed in 
this work, it was decided to review the literature in the relevant 
chapter, for each different subject. 
Although it is obviously desirable to make this thesis complete 
and independent, for such a complex subject the resulting thesis would 
be very large. Hence, it was decided that the main thesis should 
contain basic concepts, original derivations and verbal descriptions 
of the fundamental aspects of the work. Whilst detailed derivations 
and algorithms are included in a separate Appendix. 
CHAPTER TWO 
THEORY OF THE FINITE ELEMENT 
0 
METHOD APPLIED TO C-ELEMENTS 
(TWO-D AND THREE-D SOLID ELEMENTS) 
-7- 
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TH DMY OF THE FINITE ELEKWT METHOD APPLIED ZO C°-ELEMEZM 
(ZWO-D AND THREE-D SOLID ELEMENTS) 
2.1 LITERATURE REVIEW 
The label "finite-element" appears to have been used first in a 
paper on plane elasticity problems [Ref. 6] published by Clough in 
1960. The early development of the finite element method (FEM) was 
continually directed towards engineering applications. Initially, it 
was a tool designed and developed to solve real engineering problems, 
even though that outlook is quite distinct from much of the research 
recently being done in the finite element field. Huebner [Ref. 71 
said that the concepts of the FEM began to solidify after 1963 when 
Besseling (Ref. 8], Melosh [Ref. 9], Fraijs de Veubeke [Ref. 10] and 
Jones (Ref. 11] recognised that the finite element method was a form 
of the Ritz method and confirmed it as a general technique to handle 
elastic continuum problems. In 1965 the finite element method 
received an even broader interpretation when Zienkiewicz and Cheung 
[Ref. 12], reported that it was applicable to all field problems that 
could be cast into variational form. 
During the late 1960s and early 1970s (while mathematicians 
were working on establishing errors, bounds and convergence criteria 
for finite element approximations), engineers and other appliers of 
the finite element method were also studying similar concepts for 
various problems in the area of solid mechanics. 
In the years since 1960, the finite element method has received 
widespread use in engineering. From the 1960's to the present time 
thousands of papers, and hundreds of books have been published on the 
subject. The Lagrangian quadrilateral family of finite elements 
appeared very early in the history of the F. E. M. [Ref. 13]. Melosh. 
[Ref. 9] derived the 4-node rectangular element. Pian [Ref. 14] gave 
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an algorithm for the direct displacement approach with any number of 
unknown coefficients. 
The concept of arbitrary-noded elements was described by Irons 
in 1965 [Ref. 151 but his work did not include any interpolation 
details. Argyris [Ref. 16] derived the 8-node parallelogramic 
element. Ergatoudis [Ref. 17] derived the shape functions for some 
Lagrangian and Serendipity elements. However, no general theory for 
the Serendipity element was produced. Dunne [Ref. 18] showed that 
two-dimensional shape functions could be complete bivariate 
polynomials of the mth degree, if the number of element nodes no 
is 
given by: 
no a2 (m + 1) (m + 2) 
This can be satisfied by the mh degree triangular elements. 
The hexahedral family is a natural extension to the 
quadrilateral family. Argyris [Ref. 191 derived the LUMINA element 
which has been employed for the ASKA system. This element is an 
isoparametric hexahedral element with mxnx1 nodes. Ergatoudis 
[Ref. 20] derived some serendipity hexahedral elements. Dunne 
[Ref. 18] showed that the number of nodes required to obtain a 
complete trivariate polynomial of the mth degree, as a shape function, 
is 
na 6 (m + 1)(m + 2)(m + 3) 
which can be satisfied by the mth degree tetrahedral element. 
The triangular element was the first known finite element (but 
not referred to in those terms), when Turner et al [Ref. 21] published 
the work on their well-known constant strain triangle in 1956. The 
triangular element with linearly varying strains was derived by 
Argyris [Ref. 22]. The general interpolation formula for the 
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Lagrangian simplexes was given by Taylor [Ref. 23] which was based 
upon the works of Argyris [Refs. 24,25,26]. 
Fried [Ref. 27] described the mathematical properties of the 
natural coordinates in the d-dimensional space. A full review of 
finite element literature was given by Norrie and Vries [Ref. 28]. 
It is only recently that El-Zafrany and Cookson have derived 
general theorems for the derivation of Lagrangian and Serendipity 
shape functions for C°-Elements (Refs. 29,30,31]. 
2.2 TIE FINITE ELEMENT METHOD 
The finite element method is a numerical analytical technique 
for obtaining approximate solutions to a wide variety of engineering 
problems. 
2.2.1 Steps of FEM Applied to Static Analysis 
The finite element procedure for the stress analysis of 
engineering structures can be organised in an algorithm which can be 
expressed in terms of the following basic steps. 
(I) Discretisation of the Domain 
The first step of the finite element procedure is to 
discretise the domain into subdomains (known as finite 
elements) connected by nodes. The discretised domain is 
called the finite element mesh and the discretisation 
process is known as the mesh generation. Techniques of 
mesh generation for 2D, 3D, plate and shell structures 
will be explained in Chapter (5). 
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(II) Formulation of Element Equations 
A variational principle may be applied to each element in 
order to derive the element equations. For structural 
analysis, the element equations can be written as 
K(. 
) 
l(e) m F(. ) 
where 
8(, ) is the nodal displacement vector 
F(") is the nodal force vector 
Kýýý is the element stiffness matrix. 
Details of an element stiffness matrices for CO- elements 
are given in this Chapter whilst the plate and shell 
elements will be explained in the next Chapter. 
(III) Assembly of the Equations for the Whole Structure 
In order to solve the finite element problem, the 
equations of all the elements must be assembled together 
to obtain the complete equations for the structure, and 
they are usually expressed in the following matrix form: 
='T 
il a FT 
(IV) Application of Boundary Conditions 
Taking into account the boundary conditions of the 
problem, all of the restrained degrees of freedom will be 
eliminated to obtain a solvable reduced system of 
equations: 
- 11 - 
KS-F 
(V) Solution of the Resulting Equation 
The reduced system of equations mentioned previously 
represents an algebraic system of simultaneous equations 
which can be solved to obtain S. Efficient techniques 
for solving such equations will be described in Chapter 
(4). 
(VI) Evaluation of Element Stresses and Strains 
From the displacement solution it is possible to find the 
element nodal displacement vector which can be employed 
to find the element stresses and strains, as will be 
explained later. 
2.2.2 Steps of FEK Applied to Dynamic Analysis 
The finite element method can be applied to the dynamic 
analysis of structures. The basic types of analysis are; estimation 
of natural frequencies and natural mode shapes, the analysis of 
steady-state response and the analysis of transient response. Dynamic 
analysis using the FEM can also be standardised in the form of the 
following steps. 
(I) Discretisation of the Domain 
As mentioned in section (2.2.1) 
(II) Formulation of Element Equations 
This can be carried out in a way similar to that 
mentioned in section (2.2.1), except that the element 
equations for dynamic analysis are in the following 
matrix form: 
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Mle) Sle) f C(0) a(s) + K(C) s= F(s) 
where 
S(*) is the nodal velocity vector 
8(e) is the nodal acceleration vector 
M(e) is the element mass matrix 
C(, ) is the element damping matrix. 
(III) Assembly of the Equations for the Whole Structure 
The dynamic equations for the whole structure are 
assembled and expressed in the following matrix form: 
IT 8T(t) f CT b(t) + Kr, ST(t) - ET its 
where all nodal vectors are functions of time t. 
(IV) Application of Boundary Conditions 
Applying the given boundary conditions, the previous 
system will be reduced (in rows and columns) to the 
following: 
M S(t) +C S(t) +K 6(t) - F(t) 
(V) Dynamic Analysis 
The previous reduced system of equations represents a 
system of simultaneous second order differential 
equations in time t. The different types of dynamic 
analysis can be summarised as follows: 
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(a) Natural Frequency 
When the structure is excited by a constant fequency w, 
then S(t) can be written as follows: 
S(t) -S coswt 
The natural frequency analysis is to find the values of w 
required for the non-trivial solution of 
M S+ KÖ-0 
(b) Steady-State Response 
For this case, it is required to find 8(t), and the 
corresponding 
_c(t) 
and e(t) for a cyclically repeated 
loading, i. e. to find the structure response to a forced 
excitation. 
(c) Transient Response 
If the exciting force vector F(t) is a general function 
of time (impulsive loading, random vibration, earthquake 
excitation etc), then it may be useful to obtain the 
history of 6(t) through a time-marching scheme. 
2.2.3 Element Selection 
Finite element analysis cF complex structures may require many 
different types of finite element depending upon the following 
considerations: 
(a) Geometry of the structure 
(b) Loading and boundary conditions 
(c) Type of analysis required. 
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The popular types of element employed for the static and 
dynamic analysis of structures are demonstrated in Fig. 2.1. The 
basic elements employed in this work are listed as follows: 
(a) Two-D Elements 
These are plane-stress, plane-strain, and axisymmetric 
elements explained in section (2.5). 
(b) Three-D Elements 
These are solid elements used for the full 3-D analysis of 
structures. Cartesian and cylindrical elements are 
described in sections (2.3 and 2.6). 
(c) Plate-and-Shell Elements 
Due to the large number of types and considerations for 
these elements, they will be discussed in a separate 
Chapter (Chapter 3). 
2.3 STEPS OF EUM STIFFNESS MATRIX DERIVATIC* APPLIED TO A 
TAD ELEMENT 
The stiffness matrix for a finite element can be derived in a 
systematic procedure. Such a procedure is more-or-less the same for 
all of the elements based upon the displacement approach. Using such 
a procedure, the stiffness matrix of an element will be expressed by 
the following triple product: 
K(. ) = SIT Bt dv volume of the element 
as will be explained later. The difference between elements will 
appear only in the expression of the D and/or the B matrices. It is 
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perhaps best if such a basic procedure is reviewed using a practical 
example of a three-dimensional element. The steps of such a procedure 
can be summarised as follows: 
Step 1: Definition of nodal parameters 
For three-dimensional elasticity problems, the state of 
displacement at a point is defined in terms of three displacement 
components u, v, w in the direction of x, y and z axes. The nodal 
displacement vector for any n-node element can be defined as follows: 
6s (u1 V1 W1 u2 V2 W2 .......... nvn) 
and the nodal force vector is, 
F- {Fxl FY1 Fzl Fx2 y2 Fz2 
"""'"""""" Fxn Fn Fzn) Y 
which is equivalent to any real loading system, as will be explained 
later. 
Step 2: Interpolation of displacement components 
In this step, the displacement components at any point are 
interpolated in terms of nodal displacements and shape functions, as 
follows: 
n 
u(x, Y, z) sE Ui Ni (x, Y, z) 
i"i 
n 
V(Xºyºz) °E Vi Ni (xºyºz) 
i=1 
n 
W(X/Y1z) °E wi Ni (x, Y1z) 
i"i 
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where ni, i=1,2, ... n are the element shape functions. 
in order to have an intrinsic form for the shape functions, it 
is essential to tranform the element into one which is uniform in the 
intrinsic space, and the shape functions will, therefore, be 
expressed in terms of the intrinsic coordinates (&, n, Q as will be 
reviewed in section (2.6). 
Step 3: Strain Components 
Using the strain-displacement relationships [Ref. 321, strain 
components at any point are expressed in terms of nodal displacements 
and shape functions. 
Hence, the vector of strain components at any point can be 
written as follows: 
-6x1 m B6x3n a3nx1 
where 
s eX ey es Yx y YY Z YL X) 
Ba[ bl b2 .......... bn ] 
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and 
Ni, 
x 
0 
0 Ni, 
0 0 
bi s 
Ni, 
Y 
0 
Ni, 
oý 
of 
Ni, 
N 0 i, x 
Ni, 
z 
Ni 
,y 
0 Ni 
,X 
If the shape functions are expressed in terms of intrinsic 
coordinates (E, n, _ Q then the isoparametric transformation can be 
used to realte x, y, z to as follows: 
n 
x(&, h, Q -E xi Ni n, 
ial 
n 
aE yi Ni n, 
n 
z Mn, C) =E zi Ni (E, fl, ) 
i"i 
Considering any function f(&, h, C) and using the chain rule of partial 
differentiation, it can be deduced that: 
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of of 
ax 
of x, y, z of 
all -, n, ay 
of of 
az 
where 
J is the three-dimensional Jacobian matrix which is defined 
as follows: 
ax ay az 
x, y, z ax By az 
an an an 
ax By az 
aý aý aý 
Hence, the cartesian derivatives of the shape functions, at any point, 
can be obtained from: 
aNi aNi 
ax at 
aNi X, y, Z 
J1i) 
aNi 
ay -, n, an 
aNi an, 
az az 
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Step 4: Stress Components 
The stress components at any point can be expressed in terms of 
nodal displacements and shape functions. Firstly, define the stress 
vector at any point as follows: 
2- 10, Y q. Tx 
Y 
Y' Tz 
X) 
let ö be the vector of initial stresses 
and co be the vector of initial and/or thermal strains, 
then, from the theory of elasticity [Ref. 32], it can be deduced that: 
Q- D(s-Co)+co 
where 
E 
D 
_ (1+v)(1-2v) 
1-v v v 0 0 0 
v 1-v v 0 0 0 
v v 1-v 0 0 0 
1-2v 
0 0 0 0 0 
2 
1-2v 
0 0 0 0 0 
2 
1-2v 
0 0 0 0 0 
2. 
- 20 - 
Step 5: Strain Energy 
The strain energy (U) of the element is expressed in terms of 
nodal displacements. 
From the definition of strain energy it can be expressed as 
follows: 
Üa 
el( 
f. 
ement 
t f ! = f 
0 0 
at dc) dV +U 
(EtD- J D+ Qö) dE 
=2 Et D E- c 0D 
E+ 
ö crt 
c 
-2J D£ - Et D£o+Et co 
8t st DB8- 8t Bt DC+ &t Bt Qo 
Hence, it can be shown that 
v Z8tc stDBav)8 
element 
-8t ( st Deo dv)+8t(st ö dv)+vo 
element element 
and 
to--III Q de) dV 
0 
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Step 6: Energy Theorem 
Apply the minimum total potential energy theorem to derive the 
equilibrium equations for the element. The total potential energy for 
the element can be defined as follows: 
x U+v 
where V is the potential energy. 
If the potential energy is due to mechanical loading only, then 
V-W 
where W is the work done by external loads. 
An equivalent loading vector F can be found such that 
W St F 
Hence 
xU- St F 
which is a function of S. 
The mathematical condition for the minimisation of X can be 
defined vectorally as follows: 
ax 
--U 
as 
From the theorems for the differentiation of matrix products 
[Ref. 33], it can be proved that 
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ax 
- 
86 
which gives 
l** 
S- F+Fe +FQ 
where 
. 
K(O) Bt DB dV 
element 
F 
JJJBtrdv 
element 
Fo - -111 Bt Co dV 
element 
2.4 STEPS OF ELEMENT MASS MATRIX DERIVATION APPLIED TO A 
THREE-D ELEMENT 
The mass matrix for a finite element can also be derived by 
using an algorithmic approach which can be summarised as follows: 
Step 1: Definition of nodal parameters 
These are the nodal velocities which can be defined as follows 
$a{ (Ii "1 'qi t12 ''2 'q2 .......... tin Vn n) 
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where 
diii 
vi 
dVi &i 
Ui ý'a' ýA1i a 
dt dt dt 
Step 2: Interpolation of Velocity Components 
The velocity components at any point are interpolated in terms 
of nodal velocities as follows: 
n 
üaE üi Ni 
i-i 
n 
VE Vi Ni 
n 
is aE iai Ni 
i-i 
where Ni are the same shape functions as employed before. 
The velocity vector at any point can therefore be defined as 
follows: 
CQa N3x3n a3nx1 
where 
N1 0 0 ............ N 0 0 
N0 N1 0 ............ 0 N 0 n 
0 0 N1 ............ 0 0 N n 
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Step 3: Kinetic Energy 
The kinetic energy of the element is expressed in terms of the 
nodal velocities. Generally, the kinetic energy can be defined as 
follows: 
1 2 KE = ICI dm i 
Hence 
KE -2 PICI2dV 
element 
=2peC dV 
element 
From the previous definition of C, 
ct ät Nt 
therefore 
KE 
element 
it lVt N6 dV 
KE - Iät( pNtNdV) 
element 
Step 4: The element mass matrix M(, ) can be deduced from the following 
equation 
1t KE ii r(0) 8 
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X 
Therefore 
M(. ) - JJJpNt Ndxdydz element 
dV - dx dy dz 
An element of 
volume dV 
The above expression for M(, ) is more-or-less the same 
for most 
types of element based upon a displacement derivation. The 
differences between types of element will appear in the N matrix, as 
will be shown later. 
2.5 'J. -D AND AXISYIb ME. 'TRIC ELEMENTS 
The steps of element stiffness and mass matrix derivations are 
the same for all types of displacement elements as explained before. 
Hence, a brief definition of the basic vectors and matrices employed 
for two-D, and for axisyrnmetric elements, will be reviewed. 
2.5.1 Two-D Elements 
These are the elements which are employed for static and 
dynamic analysis of plane-stress and plane-stress problems. For an 
n-node element in the x-y plane, the nodal displacement vector can be 
defined as follows: 
aa {ul Vl U2 V2 .......... u1 Vn 
} 
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Defining the strain vector at any point (x, y) as: 
! 3x1 
B3x2n 6 
2nx1 
where 
Nl, 
x 
0 N2, 
x 
0 
...... Nn, x 
0 
B- 0 Nl, 
Y 
0 N2, 
y ...... 
0 Nn, 
y 
Ni, 
y 
Ni, N2, 
y 
N2, 
X ...... 
N 
,y 
Nn, 
x 
writing the stress vector as follows 
Q Cx 
y 
Tx 
ya 
a-De 
Instead of using two different D matrices for plane-stress and 
plain strain, one D matrix can be used for both of these cases, which 
is as follows: 
0 
2G 
D v` 1-v` 0 
1-2v' 1-2v` 
00 
2 
where 
E 
G- 
2 C1+v) 
v` -v for plane-strain 
v 
for plane-stress 
l+v 
The N matrix for a two-dimensional element is as follows: 
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Nl 0 Nl 0 ...... N0 
_2x2n 0 Nl 0 N2 
""n ... 0N 
Finally, the stiffness and mass matrices for an element can be 
defined as follows: 
Kc 
.ºt 
Bt DB dx dy 
element 
M(0) p tNt Ndxdy 
element 
where t is the element thickness. 
2.5.2 Axisymmetric Elements 
These elements can be employed for the stress analysis of solid 
structures provided that the following conditions are valid: 
(a) The structure is geometrically symmetric w. r. t. 
an axis (say the z-axis) 
(b) There is no loading component normal to the r-z plane 
(c) The load distribution in the r-z plane should be the 
same at any 6. 
The use of such elements in dynamic analysis is limited to the 
evaluation of circular mode shapes of vibration and the response due 
to an axisymmetric dynamic loading. 
From the previous conditions, it can be deduced that 
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aproperty 
a0 
ae 
and 
U0 0 
where ue is the tangential displacement component. The strain vector, 
for this case, can be defined as follows: 
E Er £e Ez Yr 
z) 
Using the displacement-strain relationships with cylindrical polar 
coordinates, it can be deduced that: 
-4x1 s B4xn anxI 
where 
8 (bi b2 .......... bn ] 
such that: 
Ni, 
= 
0 
Ni 
0 
r 
b i 0 Ni, 
z 
Ni'. Ni, 
r 
n number of nodes of the element. 
Consequently, the stress vector is defined as follows: 
Q- Q= cr. QL tC 
L 
and from the stress-strain relationships: 
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Q4x1 D4x4 -4x1 
where 
1-v 
V 
E 
Dv 
- (1+v)(1-2v) 
0 
VV0 
Z-V V0 
V Z-V 0 
1-2v 
U0 
2 
Hence, the stiffness and mass matrices for an axisymmetric 
element can be expressed as follows: 
2nr Bt DB dr dz, 
r-z 
element 
Mý - 2nr p Nt N dr dz 
r-z 
element 
The N matrix is the same as for the two-dimensional case. From 
Fig. 2.2, it can be shown that the volume of an infinitesimal 
axisymmetric element is as follows 
dV -r dA dr dz 
2.5.3 Review of Families of Isoparametric 2-D Elements 
Two families of 2D isoparametric elements are employed in this 
work, they are summarised as follows: 
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(a) Quadrilateral Family 
Simple 4-node quadrilateral element, together with higher order 
Lagrangian and Serendipity elements, a total of (7) elements, 
shown in Tables 2.1 - 2.2 have been employed in the present 
work. 
The intrinsic shape functions for these elements are listed 
explicitly in terms of defined in the region (0,11, as 
given in Appendix (A. 1). 
(b) Triangular Family 
Linear, quadratic and cubic elements, shown in Table 2.3 are 
employed in the present package. The lists of their intrinsic 
shape functions in terms of (&, rr) are given in Appendix (A. 1). 
2.6 THREE-D SOLID ELII+ T TS 
Three-dimensional isoparametric elements are employed for the 
full three-dimensional static and dynamic analysis of solid 
structures. There are two types of derivation for such elements 
depending upon the frame of axes. The first type are known as 
Cartesian elements, which are those derived w. r. t. the Cartesian x-y-z 
space. The derivation of stiffness and mass matrices for such 
elements has been described in section (2.3). The second type are 
known as cylindrical elements which are defined in the 
cylindrical-polar r-z-A space. Cylindrical elements are more 
practical for the modelling of rotating machine components. They are 
optimum elements for structures with sectorial symmetry such as radial 
impellers. 
2.6.1 Cylindrical 3D Elements 
Consider an n-node element in r-z-8 space for example a 
hexahedral element as shown in Fig. 2.3. The nodal displacement 
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vector for such an element can be defined as follows: 
a- ((U )1 (Ue )1 (U )1 ........ 
(U )n (u )n (uy )n) 
where ur, ue, uL are the displacement components in the r, 
e, z 
directions respectively. 
The strain components can be written as follows: 
E_ (C r EA Es Yr A YA s Ys r 
The cylindrical-polar strain-displacement relationships are: 
Bur 
e= ` ar 
ur 1 8u8 
s-+- err 89 
au L 
Fi = 
L aZ 
1 Bur au0 ue 
Yre ,-+ -- 
r 39 2r r 
1 au a, e 
YYL m- +- 
r 39 az 
au au 
rz 
s+ YL` 
8z 8r 
The element wi?: be transformed (isoparametrically) into a 
uniform element in the - Y-- space, and the displacement components at 
any (ý, nC) will be as follows: 
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n 
urcý, n, ýý E (ur)i Nj(ý, )JºQ 
ýsl 
n 
(u0) T11ý ýY1ýý% 
i-i 
n 
uz c (uz) Ni 
i-1 
Hence, the strain vector can be expressed in terms of nodal 
displacements and shape functions as follows: 
£-Bb 
(blb2 .......... b] 
and 
bi = 
aNi 
00 
ar 
Ni aNi 
--0 
rr aA 
aNi 
00 
aZ 
1 aNi aNi Ni 
-(-)0 
r aA ar r 
0 
aNi 1 aNi 
- 
az r ae 
aNi 
0 
aNi 
- az ar 
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Since the element nodal coordinates should be expressed in 
terms of (r, A, z), it would seem reasonable to use the following 
isoparametric equations: 
n 
r("º1ºý) E ri Ni 
ist 
n 
ecZ, lit z) -E ei Ni (Z, n, z) 
i-i 
n 
z(E, n. ýý E zi Ni 
i-i 
However, an early attempt proved not to converge to an accurate 
answer, a condition which was found to be due to the violation of the 
constant derivative convergence condition [Ref. 34]. Such a condition 
will be satisfied automatically for an element with 
n 
E Ni 
i"i 
if the following transformation is employed: 
n 
Xýýºnºt, ý °E Xi Ni(F, ºYiºQ 
i"l 
n 
Y( yi Ni c&, n, 
i-i 
n 
zeh1ý) -E Zi Ni(e, 11, ý) 
i-1 
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which has been adopted here regardless of the type of the global frame 
of axes. 
Using the chain rule of partial differentiation, it can be 
deduced that: 
ar ar ax ar By ar az 
aý ax a& By a& az a& 
ar ar ax ar By ar az 
an ax an ay an az arl 
ar ar ax ar By ar az 
aZ ax ac By ac az ac 
which can be written in the following matrix form 
ar 
ar 
an 
ar 
az 
where 
X, y, Z 
J( ) 
ar 
ax 
ar 
ay 
ar 
aZ 
.... (a) 
x, y, z 
J( ) is the three-dimensional Jacobian matrix defined &0, tit ý 
in section (2.3) 
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Similarly, 
ae ae 
ax 
ae x, y, z ae 
- J( )- 
ay 
ae ae 
az 
.... (b) 
Defining the following cylindrical-polar Jacobian matrix: 
ar 
a. 
r, A, z ar 
JC)_- 
-c ý, nº an 
ar 
ae 
aý 
ae 
an 
ae 
aý 
az 
az .... (c) 
an 
az 
it can be deduced from equations (a), (b), (c) that 
r, 6, z x, y, z 
&I tit &I ti, 
ar ae 
- - o ax ax 
ar ae 
- - o ay ay 
ar ae 
aZ aZ 
Considering a function f(r, 6, z), using the chain rule of 
partial differentiation, it can be shown that 
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of ax ay az of 
ar ar ar ar ax 
of ax ay az of 
ae ae ao ae ay 
of of 
- 001 - 
az az 
ax BY az of 
ar ar ar 
ax BY az x, y, z 
i- 
of 
j 
ae ae ae an 
of 
001 - ac 
of 
r, 8, z of 
n, an 
of 
a 
where 
ax ay az 
ar ar ar 
r, e, z ax ay az 
ý, n, ý ae ae ae 
00i 
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Using the following relationships between (x, y, z) and (r, 9, z); 
x-r core 
y-r sine 
z-z 
it can be deduced that 
Cosa sine 0 
r, e, z 1 x, y, z Jý ()_ -rsinO rcos8 0J() 
&, rl, ýý001 
Expressing Ni (E, n, Q as the derivatives of the 
shape function w. r. t. r, 6 and z can be obtained. 
The element of volume dv can be defined as follows: 
ar ae 
- 
a aE. 
ar a8 
dV - - r- 
an an 
ar a8 
- 
aý 
aZ 
aZ 
- d&dodC 
arl 
az 
ac 
Hence, it can be deduced that 
av - rI?, ý IdEandC 
re IJI d& do dC 
The vector of stress components is defined as follows: 
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Q(ar ae arz Tr e 
T8 
z 
'1z 
r 
and 
c-DE 
where the D matrix is the same as that given in section (2.3). 
The element stiffness matrix for this type of element will be 
as follows: 
K(") Bt DB dV 
element 
using the developed form of the B matrix. The derivation of the 
element mass matrix is the same as in section (2.3), and the M 
equation is as follows: 
M(. ) p Nt N 
dV 
element 
2.6.2 Review of Families of Isoparametric 3-D Elements 
The 3-D families employed in the present package, for both the 
cartesian and cylindrical derivation, are hexahedral, pentahedral and 
tetrahedral families. A complete list of the intrinsic shape 
functions, defined in the region [0,1], for all of the isoparametric 
3-D elements employed in this work, is given in Appendix (A. 2). 
Since a fully three-D analysis may require a large number of 
nodes and elements, elements of too high an order are not recommended. 
Hence, only the first and second order elements of each family have 
been employed in this work and they can be summarised as follows: 
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(a) Hexahedral Family 
The hexahedral elements used in this work, are 
i) the 8-node Lagrangian element, 
ii) the 20-node serendipity element, as shown in Table 2.4. 
The equations of K(e) and Mfor those elements are as 
follows: 
. 
E(. ) s Bt DBJ dýdndC 
000 
M(. 
) 
s 
0 
fo fo 
(b) Tetrahedral Family 
Nt N ýJt dEdt1dZ 
The tetrahedral elements used in this work, are 
i) the 4-node tetrahedral element (the linear element) 
ii) the 10-node tetrahedral element (the quadratic element), 
as shown in Table 2.5. 
The equations of K(s) and M(, ) for this family are 
f-C -h-L 
Kcý) 
000 
M(. 
) a 
f-C f-II-C 
000 
pt 2PIJIdtdndý 
P If j! I? ( d dh d 
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c) Pentahedral Family 
The pentahedral elements employed in this work are: 
i) the 6-node Serendipity element 
ii) the 15-node Serendipity element, as demonstrated in 
Table 2.6. 
The equations of K(, ) and M(e) for such elements are as 
follows: 
fff 
Kc !- Bt DB 
Iii dE do dC 
000 
Mc 
"! PNtNIJI 
d& dr1 dL 
00 
fo 
CHAPTER THREE 
PLATE AND SHELL FINITE ELEMENTS 
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PLATE AND SHELL FINITE ELEMENTS 
3.1 LITERATURE REVIEW 
The bending properties of a plate depend greatly upon its 
thickness as compared with its other dimensions. For "thin" plates the 
transverse shear is negligible leading to the validation of the 
assumption that normals to the neutral surface remain normal after 
deformation. For "thick" plates there is a considerable shear 
deformation leading to warping of the plate [Ref. 351. 
fT*, h .1 V% Dl al-nc! 
Ignoring transverse shear, and assuming that the plate 
deflection is small compared with its thickness, the state of 
deformation of the plate can be expressed in terms of a single 
parameter w, which represents the lateral deformation of the plate 
midplane, as will be explained later. Unfortunately, continuity 
conditions between elements should be imposed not only on w, but also 
on its first order partial derivatives, (at least) to ensure that the 
deformed plate does not kink [Ref. 341. 
Attempts on the finite element analysis of plate bending 
appeared very early in the literature, however the first convergent 
element satisfying the C1-continuity conditions was the 4-node 
rectangular element published by Melosh in 1963 [Ref. 36]. 
zienkiewicz and Cheung in 1964 [Ref. 37] derived Hermitian shape 
functions for the same element, which are equivalent to the Melosh 
derivation. The 4-node rectangular element can only be generalised to 
a parallelogram since its transformation to a general quadrilateral 
shape will lead to a violation of the constant curvature criterion 
[Ref. 34]. This disadvantage limited the use of FEM for plate bending 
to shapes which can be modelled into rectangular or parallelogramic 
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elements. This was the case until a suitable 3-node triangular 
element was published in 1965 by Bazeley et al (Ref. 38]. 
Several attempts were carried out to derive higher order, 
C1-continuous elements, and these are reviewed in Zienkiewicz's book 
[Ref. 34]. Only recently, El-Zafrany and Cookson have introduced a 
basis for the derivation of general Hermitian triangular elements 
(Ref. 29] and general Hermitian quadrilateral elements [Ref. 30]. 
Thick Plates 
For the case of thick plates, sandwich construction or cellular 
plates, the shear deformation is significant, and the classic thin 
plate theory based on Kirchoff's assumption, will lead to an 
inaccurate solution. Attempts to correct the theory and basic 
equations to allow for such deformation are numerous. Love [Ref. 391, 
Reissner [Ref. 401, Libove and Batdore [Ref. 411, Mindlin [Ref. 42], 
and Essenburg and Machoi [Ref. 431 described various attempts to 
formulate more general governing equations. 
A general formulation for curved thick shell elements was 
presented by Ahmad et al [Ref. 44]. The success of this (Ahmad's) 
element encouraged Hinton et al [Ref. 45] to apply a similar 
approximation to thick plates and they published details of the first 
"Mindlin" element in 1974. It was discovered that the solutions 
obtained from using the Mindlin element were less accurate than those 
based upon the Kirchoff element, when the plate thickness was reduced, 
and this source of inaccuracy was referred to as the "shear locking" 
phenomenon. 
Zienkiewicz et al [Ref. 46], Pugh [Ref. 471, Hughes et al [Ref. 
481 and others have investigated this phenomenon, and they have used 
reduced and selective integration schemes to avoid locking. Hughes and 
Cohen [Ref. 491 derived a 9-node quadrilateral element, known as the 
Heterosis element, which exhibits improved characteristics in 
comparison with both the 8-node Serendipity and the 9-node Lagrangian 
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elements. 
El-Zafrany and Cookson [Ref. 501 introduced a general approach 
to the derivation of plate-bending elements which performs quite well 
and is independent of the plate thickness. 
Facet Shell Elements 
For the static and dynamic analysis of radial impellers with 
straight blades, no new elements are required. Three-D elements given 
in Chapter two can be employed for very thick impellers. A thin or 
thick plate bending element can be combined with a two-D element to 
form a thin or thick facet shell element, as will be described later. 
Curved blades can be modelled approximately by facet elements, 
employing the assumption that the behaviour of a continuously curved 
surface can be adequately represented by the behaviour of a surface 
built up of small flat elements [Ref. 34]. 
Curved Shell Elements 
These elements may provide a more accurate facility for the 
finite element modelling of curved blades. The classical shell 
element is derived by reducing the 3-dimensional field equations to a 
particular class of shell equations using analytical integration over 
the thickness which is governed by the shell assumptions. Common 
assumptions are based on one or more characteristics of the shell 
geometry, for example, that the rotation of the cross-section is 
simply the slope of the shell. This applies only when the shell is 
relatively thin and where its shear strain is negligible. 
The basic equations which describe the behaviour of a thin 
elastic shell were originally derived by Love [Refs. 39,51]. There 
has been considerable literature concerning curved shell elements (see 
Finite Element Bibliography Ref. 28). Pawsey [Ref. 52] and Dovey 
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[Ref. 53] explained the basic problems common to most shell elements, 
and which restrict most elements to one class of shells, either thin 
or thick, depending on the parent theory used for developing the 
element. 
Several attempts have been made to degenerate 3-dimensional 
elements for employment as shells. Wilson (Ref. 54] and Dovey (Ref. 
53] modified 3-dimensional elements for use as thick shells. However, 
the convergence of such modified elements was not guaranteed. 
The degeneration concept discretises directly the 3-D field 
equation in terms of midsurface nodal values. This process employs 
shell assumptions and a formulation which includes transverse shear 
effects. 
This type of element requires only the CO continuous shape 
functions, because the equilibrium equations in terms of independent 
variables (e. g. displacements and rotations) are second-order 
differential equations. Irons and Draper [Ref. 55], Melosh [Ref. 56], 
Ukta [Ref. 57], and Wempner et al [Ref. 58], who developed shell 
elements based on this concept, obtained unsatisfactory results when 
these elements were applied to the thin shell regime. Worsak (Ref. 
59] explained that such difficulty could be traced to the transverse 
shear energy which is 0[(L/h )2] higher than the remaining terms, where 
L/h denotes the element length to thickness aspect ratio. 
If the thickness approaches zero, the shear stiffness will be 
completely dominant and no effect of the bending stiffness remains 
within the finite-element computer word length. From this explanation 
it can be seen that this element will give a stiff solution which does 
not reflect the correct bending behaviour. As explained previously, 
physically, this phenomenon is again shear-locking. Wempner et al 
[Ref. 58], Zienkiewicz et al (Ref. 46], Ahmad et al [Ref. 44], 
Zienkiewicz and Hinton (Ref. 60], and other researchers have studied 
several techniques, in order to solve the shear-locking problem. The 
interesting problem is to discover a simple shell element, which can 
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be used for thin and thick shell structures and at the same time yield 
accurate results. Irons [Ref. 61], and Irons and Ahmad [Ref. 62] 
explained the Semiloof Beam and shell elements which can be used for 
thin and thick shells. Irons and Ahmad [Ref. 62] emphasised that the 
Semiloof shell theory is probably the most difficult on record. They 
stated that the shape function package was large, forbidding, and 
relatively slow - although the cost was only a small proportion of the 
total, particularly for large jobs, and they looked forward to the day 
when other workers could introduce a new element based on a simpler 
formulation. 
In this Chapter the Hermitian shape functions for a 9-node 
subparametric quadrilateral element will be derived using the 
generalised approach of El-Zafrany and Cookson [Ref. 30]. 
Different elements for the analysis of thin and thick plates 
are summarised. A new element which uses Hermitian shape functions 
and takes the transverse shear into consideration, is introduced. 
Facet shell elements based upon plane-stress, and plate-bending 
elements are reviewed. A new facet shell element for thin and thick 
structures is derived. A unified approach, based upon the standard 
steps for the derivation of stiffness and mass matrices as explained 
in sections (2.3) and (2.4), is employed here for different plate and 
shell elements. 
3.2 HERMITIM SHAPE FUNCTIONS 
Several different types of finite element, with Hermitian shape 
functions, are employed for plate and shell analysis. It would 
perhaps be advantageous to review the shape functions of the basic 
families of such elements, explicitly here, before going on to 
describe the details of different types, of element. 
3.2.1 Triangular Family 
Although triangular elements of very high order are available 
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in the literature, it was decided to use only the 3-node triangular 
element in this work. Such an element has proved to be accurate and 
reliable. The elements of higher order, employ shape functions of 
very high degree, which may lead to large rounding off errors. 
For the 3-node triangular element a field function w(x, y) can 
be interpolated in terms of the nodal values, w1, w1 , wl, y, .... etc 
and Hermitian shape functions. Intrinsic expressions for such shape 
functions can be obtained if the element is transformed into an 
intrinsic element in the &-n plane, as shown in Fig. 3.1. 
The following isoparametric equations can be used for such a 
transformation: 
x (Z, n) = xi +Z (x2 - x1) +h (x3 - x1 ) 
y (ý, h) = yl +ý (Y2 - yl) + 11 (y3 - yl ) 
The interpolated field function can, therefore, be expressed as 
follows: 
w(X, Y) = wl Nl R, h) + wl, 
X 
N2 (t, h) + wl, 
y 
N3 (t, h) + ..... 
Explicit expressions for N1, N2, ... are given in Appendix (B. 1). 
3.2.2 4-Node Quadrilateral Element 
The Hermitian interpolation problem, for a 4-node 
quadrilateral element, can be simplified if the element is transformed 
to a square of unit side length in the intrinsic &-n plane, in a way 
similar to that explained in section (2.3). If it is required to 
express a field function w(arf) in terms of its nodal values and 
intrinsic first order partial derivatives, then the bi-variate 
Hermitian interpolation formula (Ref. 301, can be applied directly as 
follows: 
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Wtý, ný a Wl Hl (&, n) + Wl. & 
H2 cý, n) 
ca) 
+ Wl, 
h 
H3 ýýrn% + ........ 
Intrinsic Hermitian shape functions H1, H2, .... are listed in 
Appendix (B. 1). 
Unfortunately, the previous equation, in its present form, 
cannot be employed for plate and shell problems since the slopes there 
are expressed in terms of Cartesian derivatives of the lateral 
displacement. Three cases are summarised as follows: 
(a) Rectangular Element 
For a 4-node rectangular element, as shown in Fig. 3.2, it can 
be deduced that the isoparametric equations of the element are as 
follows: 
x( ºn) - xi +a& 
y(&, n) = yl +bn 
Using the chain rule of partial differentiation, it can be shown that: 
fax) ay wi, E - wi, X 
+ Wi, 
Y 
= awilx 
and 
[axj (ýa-y '''i Wi. x a+ Wi. y 
(b) 
= bwi, 
y 
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Substituting from equation (b) into (a), it can be proved that: 
w(x, y) = wl Ni (&, h) + wi, X 
N2 (&, h) 
+ wl, 
Y 
N3 (t, n) + ..... 
where 
N31-2 = H31-2 
N31-1 =a Hai-1 
N31 = H3 i1 
i=1,2,3,4 
(b) Parallelogramic Element 
For the case of a 4-node parallelogramic element as shown in 
Fig. 3.3, it can be proved that the isoparametric equations of the 
element are given by: 
x(e, 1'ß) - xi +E (x2 - x1) +1 (x4 - x1 ) 
y (ß. 11) s y1 +ß (y2 -YI+ 11 (y4 - y1 ) 
Employing the chain rule of partial differentiation it can be deduced 
that: 
wi 
,4m 
(x2 - x1) wi 
,x+ 
(y2 yl) wi 
0 Y 
Wi, 
h = 
(x4 - x1 ) Wi, x 
+ (y4 - y1 ) Wi, Y 
Substituting equation (c) into (a), 
functions can be stated as follows: 
Cc) 
the required shape 
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N31-2 H31-2 
N31-1 a (x2 - x1 ) H31-1 + (x4 - x1) H31 
N3 
1= 
(y2 - y1) H3i-1 + (y4 yl) H31 
where ia1,2,3,4, 
w (x, Y) ° wl Nl +w i'x 
NZ + wl 
y 
N3 + ..... . 
(c) General Quadrilateral Element 
The isoparametric equation for such an element can be expressed 
in a way similar to that shown in Section (2.3). Hence, it can be 
deduced that 
Wi, E s`31 wi, x 
+ J12 wi, 
Y 
WiIh s 321 Wi, 
x 
+ J22 Wi, 
Y 
where J11, J12, ..... are the elements of the Jacobian matrix defined 
in Section (2.3). 
Hence, it can be proved that the shape functions for such an 
element are: 
N31-2 - Hai-2 
N3i-1 s `711 Hai-1 + J21 H31 
N31 J12 H31-1 + '22 1 31 
However, this element is restricted to shapes which are very 
nearly parallelogramic because it does not generally satisfy the 
constant curvature condition [Ref. 34]. 
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3.2.3 The 9-Node Quadrilateral Element 
The disadvantages of the 4-node quadrilateral element suggested 
that there was no Hermitian element suitable for the modelling of 
arbitrary-shaped plates (such as blades and radial impellers) other 
than the 3-node triangular element. This motivated the author to 
derive a new sub-parametric Hermitian 9-node quadrilateral element. 
Such an element can be used in radial impellers and is more accurate 
than the 3-node triangular element. The derivation of its shape 
functions is reviewed here and its implementation to thin and thick 
plates and facet shells will be explained in subsequent sections. The 
following two bivariate interpolation theorems are necessary for the 
derivation of such an element: 
(a) Bivariate Lagrangian Interpolation 
As shown in Fig. 3.3, a general quadrilateral element in the 
x-y Cartesian plane has been transformed into a square of unit 
length in the intrinsic -n plane. This intrinsic element can 
be described by the following set: 
S2 
0= 
t( 
&fý); 
Suppose that there exists a field function, in the domain of 
the element, which satisfies the following interpolatory 
conditions: 
W (&rý''sý Wr, 
s 
where 
1<r<m 
1<s<n 
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Hence, the bivariate Lagrangian interpolation formula can be 
written as follows [Ref. 131; 
mn 
We E, n) EE 
r-1 s-i 
mn 
wr, 
s 
r 
oooýýýs 
®_. -ý where 
? is the rth Lagrangian of order m. 
(b) Bivariate Hermitian Interpolation 
Consider an m*n intrinsic rectangular element which can be 
defined by the following set: 
S? a 
((&111); 
o<ý<i, o<n<i 
it is required to solve the following Hermitian interpolation 
problem 
De Dt -St 
A ij a 
DF. Dh Wii 
where 
1<i<m, 
1<j<n, 
0<s<u, 
0<t<vI 
and the following notation is used: 
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a2We, n) D Dr, w 
a& an 
at 
n=n; 
Using the partial interpolation technique which has been 
employed for the derivation of the bivariate Lagrangian interpolation 
formula, it can be proved that [Ref. 30]: 
Mn 
W(F, r11) EE (gi () + hi (ý) Dý ) 
i.. 1 j-1 
* (gi (h) + hj Dh) * wi j (d) 
The shape functions of 9-node quadrilateral element can be 
obtained by using the superposition theory, as shown in Fig. 3.4 
+ wh -* 
From the previous theorems, the following expressions can be deduced: 
mnn 
Wý aEE (gi ()+ hi R) DO .x (r)) wi j 
i-i jal j 
mnm 
wh =EE (U . 
(4 j (h) + hi (11) Dr, . wii 
imi j=1 i 
mnmn 
ýnº EE (UJ (11) wj 
i=i jal ij 
where 
W=ý 
i=1 Zi1-Zr 
i$r 
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gi (Z) -1- 2Wi (z-Zi ) 
ll'i 
(Z) 
2 
in 2 
hi (z) - (z-zi) (z) 
ii'1,2,3 
As shown in the figure below, the resulting interpolation 
formula can be expressed as follows: 
3 Q- --- 
2 
j=1 
i-l 
m it 
W( ri) -EE 
If 
ii Wii + gii Wii. ý + hii `"'ii, h 
i"1 1-1 
where 
nmmn 
fi j= gi 
(h) +f (&) 9ýj (h) (ý)ý (h) 
iij 
gi j= hi 
hij hj (h) 
For the 9-node quadrilateral element as shown in the figure 
above, and from the above equations, for 
23 
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ia1,2,3 
1,2,3 
the fij, gij and hij are defined as follows: - 
3333 
fli gi + (ý) g1 (h) -1 (ý) 
£ 
(h) 
3333 
f21 - g2 (ý)! (11) 
1() 
gi 11) 
1221 
333 
31 - 93 + gi (h) -() (11) 
1331 
3333 
f32 - gi (ý) (h) +ý (ý) g2 (h) 
ý 
() (11) 
2332 
3333 
3333 
3333 
f23 - 92 +1m gi ( n) -I ( &) ( n) 3223 
3333 
13 91 
1: 
(' + g(h) - (ý) 
113 
333 
12 = 91 () g2 
3333 
f22 ° 92 ( n) +I( &) g2 (n) -1 
1(n) 
2222 
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3 
g11 hi (UV cný 
3 
g21 = h2 c )ý cn) 
1 
3 
g31 = h3 )ý (h) 
3 
g32 = h3 
2 
3 
g33 = h3 ()ý (h) 
3 
3 
g23 = n2 3 
3 
913 = n1 t ýý cn) 
3 
912 = hi (E) 
J 
(n) 
2 
3 
g22 a h2 () (h) 
z 
3 
hl l() hi 
(n) 
3 
h21 =M hi (n ) 
2 
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3 
X131 -1 () hl cný 
d'3 
3 
h3 2 
h2 (h ) 
3 
3 
h3 3I 
(ý) h3 (n ) 
3 
3 
h2 3- h3 (n) 
1 
() 3 2 
3 
°() h3 (11) h13 
h12 -3 R) h2 (h) 
1 
3 
h 22 c ý) h2 c n) 2 
Explicit expressions for the above functions are listed in 
Appendix (B. 1). 
The Hermitian interpolation formula useful for plate and shell 
applications should be expressed in terms of Cartesian derivatives of 
the field function, as explained before for the 4-node element. In 
order that the 9-node Hermitian element satisfies the C1-continuity 
condition it should not be a parabolically curved quadrilateral 
element. A sub-parametric transformation must be employed in which 
the geometry of the element can be described in terms of the corner 
nodes only. Consider the corners of the element to be as shown in 
Fig. 3.5. Hence, the sub-parametric transformation of the 9-node 
element can be expressed as follows: 
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X (x, 11) m Na xl + Nb x3 + Nc x5 + Nd x7 
y (&, 11) - Na yl + Nb y3 +N y5 + Nd y7 
where 
Na - (l-ý) (1-fl) 
Nb -ý (1 - h) 
Ný - n 
Nd = (l-ý) n 
using the chain rule of partial differentiation, it can be proved 
that: 
wS, I: 
J11 Wi 
,x+ 
J12 Wi 
,Y 
Wi. 
h s 
J21 Wi, 
x 
+ J22 Wi, 
Y 
where 
ax aNa aNb 
Jll -- xi +x + ..... 
aý aa 
aNs By 
12 J---y+............. etc. 
Substituting the above equations into the intrinsic Hermitian 
interpolation equation (d), it can be deduced that: 
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m 
w(x, Y) -EE fij wij + gij [J11 wi j, x + 
J12 wi j, Y] 
ial Jul 
+ hij IJ21 wi jux + J22 wi j, y] 
mn 
w(x, y) -EE [Fii wii +Gij wij, X +Hij wij, y] 
i-i j-i 
where 
Fij fij 
Gi j= Jl1 gi j+ J21 
hi 
j 
Hi j= J12 gi j+ J22 
hi j 
Explicit expressions for the final shape functions, given in 
the above equation, are listed in Appendix (B. 1), also a complete 
derivation of the second order Jacobian used in this element is given 
in Appendix (B. 2). 
3.3 PLATE BENDING E[, 2I NI' 
Lagrangian and Hermitian families of elements given in Sections 
(2.5,3.2), have been employed for the derivation of different plate 
and shell elements. The type of element depends upon the basic 
assumptions involved in the derivation of its stiffness and mass 
matrices. The stiffness and mass matrices for the different elements 
are derived using generalised steps explained in Sections (2.3), (2.4) 
respectively. The different elements employed in this work are 
summarised as follows: - 
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(a) Kirchoff Plate-Bending Element 
This element is based upon Kirchoff's theory of plate-bending 
in which transverse shear is ignored and normals to the 
midplane of the plate remain normal after deformation. The 
element which is suitable for thin plates is based upon 
Hermitian shape functions described in Section (3.2), and 
consequently three different elements are available in this 
work: 
(i) The 3-node triangular element 
(ii) The 4-node quadrilaterial element 
(iii) The 9-node subparametric quadrilateral element. 
The details of the derivation of stiffness and mass matrices 
for a typical n-node element is reviewed in Appendix (B. 3) 
(b) Mindlin Plate-Bending Element 
In this element, the transverse shear is taken into 
consideration and warping of the cross-section is approximated 
by assuming that the normals to the midsurface remain 
straight, but not necessarily normal, after deformation. Due 
to the shear effect, lateral displacement and slope angles can 
be interpolated in terms of Lagrangian shape functions, and all 
2D families of elements given in Section (2.5.3), can be 
employed for the Mindlin element. This element is suitable for 
thick plates only. The derivation of stiffness and mass 
matrices for a typical n-node element is described in Appendix 
(B. 4). 
(c) A New Plate-Bending Element 
This element is based upon the approach of El-Zafrany and 
- 60 - 
Cookson [Ref. 50] in which Mindlin's theory is applied with 
Hermitian interpolation. Their approach is applied to the 
9-node subparametric element derived in this work to obtain an 
efficient new element which should perform well irrespective of 
the plate thickness as will be verified later. The basic 
modification to the standard Mindlin element is the addition of 
shear angles 4x and ¢y to the nodal degrees of freedom. Hence, 
for an n-node element, it can be deduced that: 
n 
W(X, y) E fiWi + gi. (6 )i + hi 
i-1 
n 
eX(x, y) =E Ni. (ex)i 
i-i 
n 
+y (x. Y) =E Ni . 
($y )i 
i"i 
where 
fi, gi, hi are Hermitian shape functions 
Ni are Lagrangian shape functions 
From the previous two sections the displacement components at 
any point (x, y, z) are given as follows: 
u(X, Y/z) a-z% (XIy) 
v(x, y, z) _-z6 (x, y) 
W(XºyºZ) = w(x, y) 
All of the values w, AX, 6 are at the midplane of the plate. 
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Using the above definition of displacement components, the 
relevant strain components in the Cartesian directions can be 
expressed as follows: - 
au aA x 
E M- _-- 
x ax ax 
av ae Y 
EY a-_-Z 
ay By 
au av aeX ae 
YXY-+- mm -Z+ 
ay ax ay ax 
aw av 
Y -+ -_-+ xY y ay aZ 
aw au 
Erz x=-+-_- 
4x 
ax Dz 
If the nodal displacement vector 6 is defined as 
6 (+y)l 
............ 
(ý, ), (+)) 
and using the shape function expressions, it can be shown that 
E-BS 
where 
(bl b2 ................. bn l 
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z fi, xx z gi, XX 
z hi, xx z 
(Ni, 
X-gi, xx) -z 
hi, 
xx 
Z fi, 
yy 
z gi, 
yy 
z hi, 
yy -z 
gi 
. YY 
z (N,,, - hi. YY) 
bi - 2z fi, Xy 
2z gi, 
xy 
2z hi, 
Xy 
z(Niýy -2gi, xy 
) 2(Ni, 
x-2hi, xy) 
0 0 0 0 - Ni 
0 0 0 - Ni 0 
The D matrix (stress-strain matrix) is the same as for the 
Mindlin element, given in Appendix (B. 4). 
The B matrix and stiffness matrix can be partitioned in a way 
similar to that explained in Appendix (B. 4), hence: 
Kb + K$ , 
ýb Pb IJI dý do K'b - if 
Intrinsic 
Element 
Ka sfj BB 
DB B8 IIdE do 
Intrinsic 
Element 
where Db D. are as defined in Appendix (B. 4), 
fi, 
xx gi, xx 
hi, 
xx 
A (bObs fi. 
YY 
giYY hi. 
YY 
2fi, 
xY 
2gi, 
xY 
2hi. 
xy 
00 
(bi ), m 
00 
(Ni'x-gi, 
xx) 
- 9"YY 
(Ni 
, Y-2gi, xy 
o0 
0- Ni 
- 
(N 
i. Y _hi .) 
(Ni, 
x-hi, xy) 
- Ni 
0 
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From the analysis given in Appendix (B. 4), the Kinetic energy 
of the element can be defined as follows: 
KE -2 11q DMq dA 
where 
q is the modified velocity vector defined as follows: 
q= {w ee} 
Defining the nodal velocity vector S as: 
i- 1ý11 (b x )i (ý ), (ýx ), ( iy )1 
0000*0.. 0) 
then, it can be deduced that: 
W-E fi Wi + gi . 
(ex )i + hi . 
(6 )i - gi . 
(6 )i - hi . 
(6y )i 
i-i 
aw 
e' 
ax 
+ ýx 
aw by 
ay 
+ +Y 
n 
ix 
°EN "(4x)i 
i"i 
Ni 
i"i 
Hence, it can be proved that 
A 
qNS, 
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where 
N[ ni n2 ........ nn 
fi gi hi -gi -hi 
nis fiýX gi hi'. (Ni -gi, x -h 
firY gi1Y hi, 
Y 
gi, 
y 
(Ni-hi, 
Y) 
From the definition of Kinetic energy: 
KE =2 
it Md 
it can be shown that: 
Ms if Nt PM NIJI d& dh 
intrinsic 
Element 
where DM is as defined in Appendix (B. 4). 
3.4 FEET SEELL EULEN S 
The flat or facet shell element has the following advantages: 
(a) It does not require any new derivation. Generally speaking, a 
facet element is a combination of a plane-stress element and a 
plate-bending element. 
(b) It is the appropriate element for the analysis of corrugated 
plates, and radial impellers with straight blades. 
(c) It is easily employed for curved shells. 
In this section, two basic facet shell elements are reviewed. 
The first one is formulated from the Kirchoff plate-bending element, 
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and is suitable for the analysis of thin shells, whilst the second one 
is based upon the Mindlin plate-bending element so as to take account 
of transverse shear, which is significant in thick shells. Some 
simplification of the derivations is achieved. 
However, in using such elements for the analysis of radial 
impellers some difficulties arose and the author was motivated to 
derive a modified element with which such difficulties can be 
overcome. 
The presence of Coplanar nodes may lead to singularity of the 
structure's stiffness and mass matrices, simply because the rows and 
columns corresponding to 6$ are zeros in the local element stiffness 
and mass matrices, as realised by Zienkiewicz [Ref. 34], who proposed 
the use of a fictitious rotational stiffness to overcome such a 
difficulty. A modified element has been derived here which will never 
lead to such a problem because it is based upon 5 degrees of freedom 
(3 displacement components and two rotations) in a way similar to that 
employed by Ahmad et al [Ref. 44]. 
A structure, such as a radial impeller, may have zones with 
variable thickness where it is difficult to use one element type 
(Kirchoff or Mindlin). If a Mindlin facet element is employed for a 
thin structure, shear locking will occur and will lead to inaccurate 
results. In order to have a Hermitian element which includes 
transverse shear, the new plate-bending element explained in Section 
(3.3), was combined with a plane-stress element and a new facet 
element which is capable of accurate analysis of thin and thick shells 
was derived. 
A review of the elements mentioned above is summarised as 
follows: 
3.4.1 Thin Facet Element 
This element is generally capable of resisting, in full, 3-D 
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force and moment components. Hence, there mist be provision for 6 
degrees of freedom at each node. These six degrees-of-freedom are the 
displacement components u, v, w, and the rotation components 8, A, 
%, in x, y, z directions respectively, as shown in Fig. 3.6(a). 
Derivation of the element matrices could be simpler if a system of 
local matrices were selected. Generally speaking, for such a system, 
the x-y plane is employed as the element midplane, as shown in Fig. 
3.6(b). 
The Kirchoff facet shell element is based upon a combination of 
the 2D plane-stress element discussed in Section (2.5), and the thin 
plate-bending element illustrated in Appendix (B. 3). 
The nodal displacement components, with respect to local axes 
can be defined for an n-node element, as follows 
aL 
l ul VI W1 ex 1 
ey 
1 
ea 
1 .............. 
ey 
nJ 
The displacement component at any point (x, y, z) inside the element can 
be expressed as follows: 
U= UM + tb 
VT+ Vb 
W Wb 
where 
( )m = membrane or in-plane effect 
( )b = bending effect. 
From Appendix (B. 3) it can be shown that: 
Ub =ze, 
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Vb - -Z e 
since 8w 
x By 
aW 
e--- Y ax 
then, it can be shown that 
aw 
Z- ax 
8w 
Vb z- 
ay 
From plane-stress theory, described in Section (2.5), it can be 
deduced that 
n 
um °E Ui Ni 
i-i 
n 
Vp E vi Ni 
i"i 
where Ni , i=1,2, ...., n are the Lagrangian shape functions. 
From Kirchoff plate theory, given in Appendix (B. 3) it can be 
shown that 
n 
wEfi wi + gi wi + hi wi 
,y 
i"i 
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n 
=E (fi wi - 9i 91 +hi 9il 
i-1 
where fi, g1, hi are the Hermitian shape functions. Defining the 
strain vector 
£-{ £X £y yx 
y}_ 
£m + £b 
where 
Em Ex Ey Yx 
y 
)Rk 
is the membrane part, and 
£b s( £x £y Yx 
ylb 
is the bending part, it can be proved that: 
au m 
ax 
av m 
E a 
_m ay 
aU am m 
ay ax 
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a, 
ax 
aVb 
ay 
atlb aVb 
ay ax 
=-z 
a2 w 
ax2 
a2 w 
aye 
2 a2 w 
ax ay 
Two B matrices can be defined such that 
cm = Bm a 
£b s Bb S 
and C=B6 
where B= 13m + Pb 
and Bm 9[ bi b2 ......... bn m 
Pb =-z 
Bb 
=-z (b1 
b2 
....... 
bJ 
-n b 
where 
(bi)m = 
aNi 
000 ax 
aN. 0100 
ay 
00 ay ax 
o0 
00 
00 
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(bl )b 
a2 fi a2 hl a2 gi 
00 - 0 
3X2 axe axe 
a2 fi a2 hi a2 gi 
00 0 - aye aye aye 
a2 fi a2 hi a2 gi 
002 2 -0 axay axay axay 
The stress components can be partitioned in a way similar to 
the strains, 
i. e. c= Cm + 
-Sb 
Hence, it can be shown that 
a1 -D £m I lb s2 Cb 
and c=DE 
where 
1v0 
E 
DQ2v10 
- 1-v 
1-v 
00 
2 
From the definition of strain energy: 
UZ fff Et cdV 
Element 
it can be deduced that 
- 71 - 
u-2 st tf1JBt Dade) s 
=2 at Ka 
where K, is the local stiffness matrix of the element defined as 
follows 
KL =Il lt t/2 (Bm -z B) D 
(BM -z Bb) dz dx dy 
Hence, it can be proved that: 
KL a Km + Kb 
where 
K a Tj tB 
ý D B dx dy 
m m m 
t3 
K - JI - Bb D dX dy P b 12 b 
An alternative approach, which is based upon a single B matrix, can be 
derived as follows: 
U=Z 6t (111B` DBdV) S 
a26 tKÖ 
Hence, the element stiffness matrix can be defined as follows: 
K= III Bt DB dV 
where Ba Bm + Bb 
The z-integration in the above equation can be carried out as follows: 
From it/ f (z) dz - Jö tf (Q d 
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it can be deduced that 
Za Ct-t. /2=t R-0.5) 
Using the 2-point Gauss-Quadrature formula, it can be shown that: 
t 
fö - [f (z1) +f (z2)] 
2 
1t 
0.5- 
_ 
2l 3 
112 
1t 
0.5+ z2 + 
213 
Jig 
tt 
i. e. fttý 
t 
2f 
(z) dz 2f+f+_ ý12 ý12 
Hence, it can be proved that: 
t If 
where 
t B1 a Bm Bb 
Jig 
t B2 =B 
112 
The relationships between local and global systems are reviewed 
in Appendix (B. 5), from which it can be proved that: 
KG = Rt Kt R 
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where the R matrix is a 6n x 6n matrix defined as follows: 
R= rR3x3 =3x3 """""" =3x3j 
where R3X3 is the rotation matrix of the axes defined 
in Appendix 
(B. 5). From the equation of IL, it can be shown that 
KG - III (B R)t D (B R) dV 
= fff Br D dv 
where 
BG -BR 
Defining 
(BG )1 = Bl R 
(BG)2 = B2 R 
it can be shown that 
t 
Ký = J! -I (Bý )1 Dt G1 
+ (Bý )Z D (BG 21 
dx dy 
The vector of nodal velocities for an n-node element can be 
defined as follows: 
aL 
lul Vl 
41 ex1 ey1 ez1 
"""' 
ezn J 
The velocity components, at any point (x, y, z) inside the element, can 
be expressed as follows: 
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(x, y, z) aüm+b 
V (X, Y, Z) =m+ Vb 
W (X, Y, Z) = 'kb 
where ü,., m are the velocity components at (x, y) of the midplane, 
aw bb -- 
ax 
aw 
V -Z e = -Z - b x 
ay 
The velocity vector is defined as: 
4- {ü v w} 
which can be partitioned as follows: 
4s 
%T + kR 
where 
- In 
={ 1m Vm 0} 
the membrane part, 
T 10 0 Wb 1 
the bending part, 
67 aw 
qbR =_Z_ 
ax ay 
the rotatary inertia part. 
- 75 - 
From 2-D and plate-bending analysis: 
n 
üm E ill Ni 
i=1 
ri 
Vm =E 
Vi Ni 
i-i 
n 
WE {fi Wi + h. (B i- CJi 
(B 
i] 
i-i 
where 
Ni , i=1,2,....., n are the Lagrangian shape functions 
fi, gi, hi are the Hermitian shape functions. 
Hence it can be shown 
q Nm S - 
T° =b Ta 
4bR =N bR 
a 
Nl 0 0 0 0 0 .... 
N 0 N 0 0 0 0 m l ..... 
0 0 0 0 0 0 ..... 
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o00000.... 
'bT a00000..... 
00 fl hl - g1 0 ..... 
N Nw 
bR=-ZR 
where 
00 
If, 
ax 
A afl 
bR 00 
ay 
000 
The Kinetic energy of 
ahl agi 
0 
ax ax 
ah1 agl 
-0..... ay ay 
000 
the element can be expressed as follows: 
KE - (KE)m + (KE)b 
where 
KE) 
m- 
2 In p C, q,,, dx dy dz 
(KE )b =Z Iff P 9bT 9bT dx dy dz 
+2 fff P qbR g, R 
dx dy dz 
with KE =2 st M8 
it can be shown that 
MaM+ Mb 
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where 
M s 
!I N D m clx dY m m 
I';, = .f! 
Pb Nb clx dY 
1 0 0 
D pt 0 1 0 m 
0 0 1 
t2 
- 0 0 
12 
2 t 
P ' pt 0 - 0 b 12 
0 0 1 
'b bT 
+ NbR 
afi 
00- 
ax 
afl 
rb= 00- 
ay 
00 fl 
ahl 
ax 
ah, 
ay 
h, 
agl 
0 ...... ax 
agl 
By 
gl 0 ...... 
An alternative approach in which one N matrix is employed, can 
be described as follows: 
KE° L III pot Qdxdydz 
- 78 - 
where 
q=q+ qbT + qbR 
(Nm +N+ NbR) 
or N 
where N= Nm + Nb T-ZkR 
Then: 
KE= 2 St (fff pNt Ndxdydz) 
=2 St MS 
Hence 
M pNt N dx dy dz 
integrating with respect to z, it can be shown that: 
Pt 
M-{ Ni Ni + N2 N 
2Z] 
dx dy 
where 
t 
Nl a Nm + -'b TbR 
112 
t 
N2 = Nm + 'b T+ 'b R 
112 
The global mass matrix can be obtained directly from the global 
N matrix, as follows: 
- 79 - 
Defining N, Iv R 
then Ma JJJp &t dx dy dz 
Pt 
°ff-E (_Na )1 (NG )1 + (Ný )2 (NC. )2 ] dx dy 
2 
where 
(Na )1 = Ni R 
(I )2- NZ R 
3.4.2 Thick Facet Element 
This element is based upon a combination of the 2-D 
plane-stress element, given in Section (2.5), and the Mindlin element, 
explained in Appendix (B. 4). The element employs a nodal displacement 
vector similar to that used in the previous element. The displacement 
components at any point in the element can be expressed as follows: 
u(x, y, z) - um (x, y) + ub (x, y, z) 
V(X, Yºz) -m (XºY) + Vb (XºY, Z) 
w(X, Y, Z) = wb (X, Y) 
where um, m are the membrane or in-plane effects, 
ub, vb, wb, are the bending effect, 
Lb _+Z Ay 
Vb =-Ze 
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From plane-stress theory, it can be shown that 
n 
UM =E ui Ni 
i"i 
n 
VV -E Vi Ni 
i-i 
and from Mindlin plate theory; 
n 
6x = (ex )i Ni 
i"i 
n 
8E ýe )i Ni 
n 
WE Wi Ni 
i-i 
Defining the strain vector 
E {Ex y Yxy Yya Yaxi f 
it can be partitioned as follows: 
8m cm + 
-% 
+% 
where &- {£x c, ;y00}. 
is the membrane part due to in-plane deformation 
£b = {£x £y Yxy 00 lb 
is the bending part without transverse shear 
- 81 - 
that: 
ss 000 Yyz YZ. ) s 
is the transverse shear strain. C is taken into 
consideration for Mindlin thick plates. 
From 2-D elasticity and plate-bending theories, it can be shown 
au m 
ax 
av m 
ay 
au aV m 
ay ax 
0 
Cs 
_m 
0 
E° 
-b 
ae y 
ay 
ae 
-Z 
ay 
aey 
Z- 
ay 
0 
ae X 
ax 
0 
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E_ 
-a 
0 
0 
0 
aw 
- - A ay Y 
aw 
- + A 
ax 
Hence, three B matrices can be defined such that 
£ - B Ö -m -m - 
lb m Bb a 
£ a B a 
-s -a - 
where: 
Bm s 
- 
aNi 
o o o o o ..... ax 
aNl 
0 0 0 0 0 ..... ay 
aN, aN 
0 0 0 0 ..... ay ax 
0 0 0 0 0 0 ..... 
0 0 0 0 0 0 ..... 
2 Bb, 22 
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A 
B 
-b 
B-I 
Finally 
aryl 
o0000..... 
ax 
o00 
ari 
00..... 
ay 
aNl aNl 
0000..... 
ay ax 
o00000..... 
000000..... 
o00 0 
o00 0 
000 0 
aNi 
o0 -N1 
By 
aN1 
00 0 
ax 
E = E +£ + E 
m b $ 
(B + P +B ) 8 m b 5 
B& 
0 0 ..... 
0 0 ..... 
0 0 ..... 
0 0 ..... 
Nl 0 ..... 
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where 
B Bm + Bb + BB 
Similarly, the stress components can be defined as follows: 
Q QX YXYYz Tý 
Xf 
=a+ cb + as 
where 
m- {ax a xy 00 Im 
9b - ýa a Xy 00 lb 
as - (0 00y. z 
Tzx }a 
Hence, cm =D Em , cb -D, c-Ds as 
where 
E 
_D 
= 
(1-v2 ) 
1 v 0 0 0 
v 1 0 0 0 
1-v 
0 0 0 0 
2 
1-v 
0 0 0 0 
2a 
1-v 
0000 
2a 
aa1.2 
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The strain energy of the element can be defined as follows: 
U-Uý +(Ub+U5) 
where 
U- 2JncrtF, äv 
Ub a2I1S ?b Eb dV 
u, = z III at eeCIv 
Hence 
um =2 St (III Bt D BM dV) 
'b-2 at (! fJ Bb D &q) 8 
ue -2 at c !!! BB 
D a6 dv) 6 
From 
U- 
mU +Ub fUB mZ 
6t KI, 8 
it can be shown that the element stiffness matrix, with respect to 
local system of coordinates, is 
KL a Km + Kb +K a 
where 
Km jft Bm ýD BM dx dy 
t3 
Kb= fJ -Bb Dk dx dy 
12 
- 86 - 
KB sfft BS D BS dx dy 
Using an approach similar to that explained in Section (3.4.1), 
it can be proved that: 
K= jff Bt DB dx dy dz 
t 
=B2 
where 
t B1 = Bm - $b + Bs 
112 
t 
B2 - Bm + Bb + Bs 
112 
Similarly, the global stiffness matrix can be stated as 
follows: 
KG a Rt KL R 
° 
,I ,I ,I 
(BL R) tD (B R) dV 
III BG 2 B0 dV 
where Bý a BR 
Defining 
(Br. ii = 81 R 
ýBý )2 = BZ R 
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then it can be shown that: 
t I (BG )1D (BG )1+ (BG )Z D (BG )21 dx dy KG = ff 
2 
The vector of nodal velocities for an n-node element can be 
explained as follows: 
sL - {Ul Vl k (ö )1 (e )1 (ö )1 ........... 
(e )n} 
The velocity components at any point (x, y, z) inside the element can be 
expressed as follows: 
ü- üm + ib 
Vm Vm + Vb 
W Wb 
where üm , vM are the velocity components at (x, y) of the midplane, 
U- Ze 
Vb --z eX 
The velocity vector 4 can be defined as 
q° {äZ ý% W} ° 
ý1 
+ ýT + 41bR 
where 
1üm vm 0} 
7bT 33 
(0 0 Wb 1 
bR °Z {e -e 0) 
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From 2-D and plate-bending analysis: 
n 
üý E iii Ni 
i-i 
n 
vý = E Vi Ni 
i-i 
n 
6= E (e )i Ni 
i-i 
n 
8 E (e )i Ni 
i-i 
Hence, it c an be shown that 
qm =N S 
_bT 
= =bT 
kR 
=b Ra 
where 
NI. 0 0 0 0 0 .... 
Nm - 0 Nl 0 0 0 0 """" 
0 0 0 0 0 0 .... 
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000000.... 
IT000000.... 
00 Ni 000.... 
NbR =z 
kR 
, where 
0000 Ni 0 
Nb R000 -N1 00 
000000 
In order to derive the element mass matrix 
element, the same approach as is explained in Sect 
used. 
(M) for the thick 
ion (3.4.1) can be 
--90- 
3.4.3 Modified Facet Shell Element 
The basic idea of this element is to prevent singularity of the 
structure stiffness and mass matrices. The nodal displacement 
components (u, v, w) will always be defined with respect to the global 
system of axes. For rotation angles two cases will be considered. 
Local rotation angles are used for coplanar nodes, whilst global 
rotation angles are used for nodes on discontinuous boundaries. To 
ensure slope continuity on the common boundaries of elements, a system 
of local axes similar to that employed by Ahmad et al [ref. 44] is 
used. 
Local Axes for an Element 
Let (1), (2), and (3) be three non colinear nodes in an element 
where x, y, z are its global axes and x', y', z' are its local axes, as 
shown in Fig. 3.7. The corresponding elemental nodes for (1), (2) and 
(3) are shown in Fig. 3.8. Let the x''-axis be the line 12 and define 
y"`-axis to be in the 1-2-3 plane and normal to the x" -axis. 
The local z' axis is selected normal to the 1-2-3 plane, i. e. 
normal to the x", and y" axes. The local x' axis is selected to be 
normal to the global x axis and the local z' axis. Finally, the local 
y' axis is selected normal to the local z' and x' axes. Directional 
cosines for such axes can be obtained as follows; 
(a) Directional cosines of z`-axis 
Let v12 be a vector in the x`'-axis direction, 
V1 
2= 
(x2 -x1 )i+ (y2 -yl )j+ (ZZ -Zi) 
k 
A vector V13 can be defined in the 13 direction as follows: 
V1 
3° 
(X3 -X1) 1+ (y3 ßy1) 1+ (Z3-Z1) 
k 
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Hence, from the definition of the z`-axis, a vector along it can be 
obtained as follows: 
Vz a Y21 A V31 
ij 
Vý x2 -x1 y2 -y1 
X3 -X1 y3 -yl 
K1 
z2 -Zl 
Z3-Z1 
(V1 )Z i+ (V2 )Z j+ (V3 )Z K 
where 
(V1 )y - (y2-y1) (Z3-Zl) - (y3-yl) (Z2-Zl 
(v2 )y m (z2-z1 ) (x3-x1 )- (z3-z1 ) (x2-xl ) 
(V3 )Z- (x2-x1) (y3-yl) - (x3-xl) (y2-yl ) 
Hence 
V 
Z J. i + m j + n K 
1 l 3 3 yz 
where 
-VZ 
ý°ý (V1) + (V2 )2+ (V3 )Z 
13 -(vl)Z/ lzI 
'o M3 ,M )z / 
IYZ I 
=(V3)z/IL I 
4 
_92_ 
(b) Direction cosines of x`-axis 
There are two special cases for the z`-axis, which should be 
taken into consideration: 
(i) The z`-axis is not parallel to the x-axis 
This is the case where 
1131<1 
For that case, a vector in the x'-axis direction is defined as 
follows: 
IAV z 
Thus: 
iA K` 
ii :a 
IýX 
1i jK 
100 
/IvI 
13 m3 ns 
i` 11 i+ ml j+ nl K 
i. e. 11 =0 
-n3 
ýI nº3 + n3 
m3 
nl 
ýI m3 + n3 
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(ii) The z`-axis is parallel to the x-axis 
This is the case where 
13 =1 
and m3 = n3 =0 
A vector in the x`-axis direction is 
X= KAVz 
i i K 
0 U 1 ] 
1 0 0 
and 11 = 0, ml - 1, nl =0 
(c) Direction Cosines of ylAxis 
From the definition of the y`-axis, a unit vector in its 
direction is: 
Ki A 1' 1 
Hence 12 s m3 nl - m1 n3 
m2 n3 11 - n1 13 =- ni 13 
n2= 13m1-11m3 02 13nß. 
Rotation of the Modified Facet Shell Element 
If the rotation matrix R is defined as follows 
- 94 - 
li Rý ni 
12 m2 n2 
ý3 in3 n3 
then 
uu 
vRv 
ww 
Local Global 
also 
Fe eX 
Re 
eZ 
Local 
eý 
Global 
and for the it h node 
bi a {ui vi wi OE )j (e )i (eZ) i) y 
The (6k) Global is defined as follows: 
For nodes of type (a) on continuous surfaces 
- 95 - 
(ai )Global 
(a) 
(ui) 
Global 
(Vi) 
Global 
( wi) 
Global 
(ex )i 
Local 
(8 )i 
Local 
(ez )i 
Local 
For nodes of type (b) on discontinuous surfaces 
( Si))Global s {Ui Vi WI ((k )i (ey )i (% )11 Global 
(b) 
From the above equations it can be shown that for nodes of type (a) 
Si ()Loca1 = (Ra )1 (61 )G1oba1 
(a) 
and for nodes of type (b) 
where 
i 
)Local (=b )i (-6i )Global 
(b) 
Rs 
.g 
11 nl nl 0 0 0 
12 m2 n2 0 0 0 
13 m3 n3 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
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IR b= 
11 ml nl 0 0 0 
12 m2 n2 0 0 0 
13 m3 n3 0 0 0 
0 0 0 11 ml nl 
0 0 0 12 M2 n2 
0 0 0 13 m3 m3 
For an n-node element 
1 R1 R2 ....... R 
according to the given data, each Ri must be checked to discover 
whether it is of type (a) or type (b). 
3.4.4. The New Thin and Thick Facet Shell Element 
The basic idea is to divide each slope angle into its two 
constituent parts due to bending and to shear, respectively. Hence, 
it can be assumed, as shown in Fig. 3.9, that 
aw 
8=-+ ýx ....... (a) ay 
8w 
aX 
Oz ==o 
where fix, 4y, 4L represent the transverse shear effects. 
At any node, 9-degrees - of - freedom are required : 
u, Vi wi ex iei 
eZ ýX ýy 
i 
ýZ 
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The use of ¢X, "y and ýz will allow the displacement component w to be 
expressed in terms of Hermitian shape functions. The additional shear 
angles will be expressed in terms of Lagrangian shape functions. 
Hence, it can be shown that 
n 
um =E ui . Ni ........ (c) 
i-i 
n 
vm E Vi . Ni ........ (d ) 
i"i 
n 
Ni ........ (e) 
i"l 
n 
+E (+y )i 
. 
Ni 
........ 
(f 
y 
i=1 
n 
W ffi E [Fi .Wi+ 
hi gi (% i++..... 
(g) 
J. 1 
Substituting equation (e) and the differentiation of equation (g) 
w. r. t. y, into equation (a), it can be shown that 
n 
ex aE `fi, Y 
wi + hi, 
Y . 
(ex) + (Ni-hi. 
Y) 
(+x) 
i"l 
- gi, y . 
(e Ii - gl. y . 
(+y Ii I 
n 
ea£(fi, 
xwi+ 
hi'. 
" (()x)i - hi, X 
i-l 
giIx (8x)i {' (Ni-gi. 
x) 
(ý)i] 
The displacement components at any point can be expressed as 
follows: 
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u uý+z6 
V=V-2e 
mx 
w ffi w (x, y) 
The strain components are similar to the previous thick element, i. e. 
E Ex Ey yx 
y 
Yy 
z 
Yz 
x} 
Using the same approach as was used for the previous thick element, it 
can be shown that 
CC+ £b + £$ 
and 
Em ' Bm 6 
Pb aaZ 
8a 
BS 6 
caBb 
where 
B- Bm +Bb +Bs 
S a{ ul . vl wi 
0 
Using the above interpolation expressions it can be proved that 
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Ni, x 
00000000 
0 Ni, y 
0000000 
(bi)m 0 Ni0 X0000000 
000000000 
000000000 
0 0 fi hi -gi xx 
0 -hi xx x-gi, xx) 
0 (Ni 
, xx , xx , , , 
0 0 firYY hirYY -girYY 0 (NirY-hi 
rYY) 
-gi, YY 0 
bi)b =0 0 2fi, xY 
2hi, 
XY -2gi, xY 
0 (Ni 
x-2hi,. y 
)(Ni, 
Y-2gi, xY)0 
0 0 0 0 0 0 0 00 
0 0 0 0 0 0 0 00 
00 0 0 0 0 0 00 
00 0 0 0 0 0 00 
(bi )8 - 00 0 0 0 0 0 00 
00 0 0 0 0 -Ni 00 
00 0 0 0 0 0 -Ni 0 
The final expression for the element stiffness matrix is 
similar to that deduced for the previous thick element, with the new B 
matrix. 
The velocity components at any point can be obtained in a way 
similar to that used for displacement components. Hence, it can be 
shown that: 
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aw e - x By 
aw e =-- +3 y ax y 
From the analysis given in Section (3.4), it can be deduced, 
for an n-node element, that 
n 
''m (X, Y) -E 
ii Ni 
i-i 
n 
'm (Xiy) =E Vi Ni 
iii 
n 
(X, y) Ni 
i-i 
n 
'i (X, Y) sE (ýy)j . Ni 
i-i 
n 
Wb (x, y) sE (fi Wi + hi .1 
(6X)i - (4X)i1 
i-i 
- gi " 
[(%)j + ('y)j]I 
If the velocity vector at any point (x, y, z) is partitioned as 
shown before, then for the case of the new elements, it can be proved 
that 
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Ni 00 
(ni)m 0 Ni 0 
000 
0 
=0 
0 
o o 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
oo00 
oo00 
0 fi hi -9, 
o000 
o000 
0 -hi -gi 0 
00 fi, 
x 
hi, 
x -gi, x 
0 -hi, X 
(Ni-gi, 
X) 
0 
(ni )bR -00 fi, Y 
hi. 
Y -gi. Y 
0 (Ni -hi, Y) 
gi. 
Y 
0 
000000000 
and N= Nm + NbT + NbR 
The mass matrix derivation shown in Section (3.4.1), can be employed 
for such a case. 
A simplified expression for the element mass matrix can be 
obtained, if the rotary inertia terms can be expressed as follows: 
a 
Ax E (9 )i Ni 
i-1 
n 
E (6)i Ni 
i=1 
This will only affect NbR and it can be deduced that the modified 
expression will be as follows: 
102 - 
0000 zNi 0000 
(ni )bR000 -zNi 00000 
000000000 
The rotation matrix for the new element is explained in 
Appendix (B. 5). 
3.5 CURVE SHELL ELIIKWr 
There are numerous curved shell elements in the literature, and 
due to time limitations it was decided to select from those available 
a reasonable element with which to make the package complete. The 
Ahmad's curved shell element is simple and efficient for thick shells 
and it can also be employed for thin shells, if a selective quadrature 
scheme is employed. Hence, it was included in the present work after 
some simplification of the original derivation, published by Ahmad et 
al [Ref. 44). 
The geometry of the element is defined in terms of 
(a) midsurface, with geometric nodes 
(b) thickness t which is in the direction of the normal to 
the midsurface. 
If the midsurface is transformed into the intrinsic -n plane 
and 0.5, then, any point (Ei, n, 0.5) has 
n 
xm =E xi . Ni (Z, 11) 
i=1 
n 
ym aE yi . 
Ni c, n) 
i=1 
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n 
zm =E zi . Ni (, h) 
i- I 
All the details concerning the local axes, the relationship 
between the local and global coordinates, and the Jacobian matrix were 
explained in Appendix (B. 6). The displacement components at any point 
are defined as follows: 
u, v, w along global x, y, z axes, 
a rotation about local y`-axis 
A rotation about local x`-axis, 
as shown in Fig. 3.10. 
Considering an n-node element, the nodal displacement vector 
can be defined as follows: 
6- (U1 V1 W1 OGl ßi .......... 
ßn 1 
The most important aspect for this element is the use of Lagrangian 
shape functions for the interpolation of displacement components, as 
follows: 
n 
um =E Ui . 
Ni 
i-1 
n 
va E vi . Ni 
(Er h) 
i-1 
n 
Wm =E wi . Ni t ý, h) 
i-i 
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n 
OC -E Gti . 
Ni (Eº n) 
i-1 
n 
ßaE Qi . Ni n) 
i-i 
From the geometric definition of the Jacobian matrix J, 
explained in Appendix (B. 6), it can be shown that: 
ax ay az 
--- are the directional ratios of the & -axis 
aý aý aý 
ax ay az 
-, -, - are the directional ratios of the tl-axis 
an an an 
and the (-axis is normal to the -n plane. Hence, it can be shown 
that: 
ax 
ay 
az 
n3 -/K 
ac 
where 
, Z 2 2 LX ay az 
K 
( 
+ - + - 
a a a 
at 
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and ax ay az 
13 aý + m3 + n3 0 
ax ay az 
13 -+ Ina -- + R3 -_0 
an an an 
Defining 
li 12 13 
Rt ml m2 m3 
nl n2 n3 
therefore, it can be shown that 
(JRt) -a 
where aia ° °f23 - °s 1= 473 z0 
ax ay az 
+-n °4ý i aý 
M, +l 
ax ay az 
°ýl 22 ag 2aß 
ax ay aZ 
1a1 °+ -+ n C'2 1 an 
-- 
an 1 an 
ax ay az 
(X- + -- +n2iz an an 2 -- an 
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ax By aZ 
-+ -+ n- ý33 ' 
ac ac 
3 
ac 
2 2 2 (ax ay aZ 
a + - + - - 
t 
a a a 
A matrix A is defined such that 
ä1 RJ1 
The displacement components (u, v, w) at any point (x, y, z) in the 
element can now be stated as follows: 
u ui 11 ai - 12 ßi 
v-E Ni Vi +E Ni .t. (- 0.5) n4 ai - m2 ßi 
w wi ni ai - n2 ßi 
The B matrix is defined, such that 
E` =BS 
Hence, it can be expressed as follows: 
B a[ bl b2 ....... bnl 
where 
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k= 
and 
11 C1 
,i 
m1 C1 
, 
n1 C1 
,1 
AtC1,1 0 
12 C2 
,i 
m2 C2, n2 C2,1 0- AtC2,1 
1102,1 (m1C2, 
i 
(n1C2,1 AtC2,1 - AtC1, i 
+ 12C1, i 
)+ m2C1 
, i) 
+ n2C1.1) 
13 02,1 Itl3 C2, n3 02,1 0- 03,1 
13C1, 
i Itl3C1, i n3C1, i 
03,1 0 
Mi aNi 
Cl', - All 
a& 
+ A12 
an 
aNi aNi 
C2 
,i= 
A21 
a& 
+ 22 ail 
c3, 
i m 
A33 t Ni 
at =t R-0-5) 
The velocity component, at any point (x, y, z) inside the 
element, can be defined in a way similar to that employed for the 
displacement components, i. e. 
n 
aE Ni(gh) [ui + t(-O. 5)(11 ai-12ßi)] 
i=1 
n 
Ni(E. h) (ii + t(- 0.5)(ml & -xn2 )] 
ý-i 
n 
W( ý11ýý) =E Ni(ý, fl) 
(Wi + t(- 0.5)(n1 &-n2ßi)] 
i=1 
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Hence, the kinetic energy of the element can be defined as 
follows: 
xE -2 11, cq2 dV-2 T11 P412 
(; 12 
ý2 
a ü2 f ý%2 + W2 
from the above equation, it is clear that the reference has no effect 
on the M matrix. Defining 
4-r7)-Nb 
it can be shown that 
(nl n2 ....... nn 
where 
Ni 00 11t(Z 0.5)Ni - 12t(C 0.5)Ni 
ni 0 Ni 0 mlt(Z 0.5)Ni - mit( 0.5)Ni 
00 Ni nit (- 0.5) Ni - n3 t (C 0.5) Ni 
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STATIC ANALYSIS OF STRUC]NJRES 
4.1 I rrRODUCrIc1 
The objective of static analysis is to obtain the stress, 
strain and/or deformation for a given structure, subject to a given 
steady load. 
The basic procedure of the FEM applied to the static analysis 
of structures has been described earlier in section (2.2.1). 
Using the FEM, the continuum is represented in terms of 
parameters at specified nodes (nodal values). The nodal 
load-deflection equations are assembled in terms of elemental 
stiffness matrices. Techniques for the derivation of the element 
stiffness matrix have been reviewed in Chapters 2 and 3 for a wide 
range of old and new elements. 
Actual loads may be distributed (non-nodal) and require special 
techniques to be converted into equivalent nodal loads. 
The finite-element static analysis of 
usually based upon the solution of a very large 
equations, and the need to employ an efficien 
Under certain conditions, it is possible to 
required equations by using a small part of 
analysis. 
a real structure is 
system of simultaneous 
t solver is essential. 
reduce the number of 
the structure in the 
In this chapter, a technique for the evaluation of equivalent 
nodal systems, with emphasis on radial impellers, will be discussed. 
Some economical solvers will be explained together with techniques for 
dealing with sectorially symmetric structures. 
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4.2 EQUIVALENT NODAL LOADING 
Using the finite element method, the structure should be 
discretised into a suitable number of elements. Considering external 
actual loads, an equivalent nodal loading vector for each element will 
be obtained, and assembled, so as to find the nodal loading vector for 
the whole structure. Elemental nodal loading vectors equivalent to 
the initial stresses and strains are explained in section (2.3). 
For structures, such 'as radial impellers, the basic source of 
loading is inertial loading. Aerodynamic loading will not be 
considered here, since it has much less effect than inertial loading 
and may unduly complicate the finite element modelling. 
Load-Equivalence Theorem 
This theorem, which was introduced by El-Zafrany [Ref. 31], 
states that, "The necessary and sufficient condition for obtaining a 
nodal loading vector which is mechanically equivalent to a given load 
is that the equivalent load does the same virtual work as would be 
done by the actual load for all virtual displacements, consistent with 
the structures constraints". 
Two basic examples relevant to radial impellers will be 
explained. 
(a) Load Due to Translational Inertia 
Considering the case of a three-dimensional structure moving 
with a translational acceleration: 
ä= ax 1+ ay + aZ k 
Using D'Alembert's Law, each infinitesimal mass am of the 
structure, as shown in the figure below 
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is subject to an inertial force: 
at --- Am --pä Avol 
If the displacement vector of such an infinitesimal mass is 
C; s Ll 1+v]+W 3C 
then the work done on that mass is 
AW - AF " CI 
_- p(uaX +vay +wa. )Avo1 
The total work done due to the translational inertial force on 
a given finite element within the structure is, therefore, as follows: 
W-- p(u ax +v ay +w az) dvol ... (a) 
element 
If there exists an equivalent nodal loading vector F, then the 
corresponding work done by that force on the element is: 
H1 a st 
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where F and 6 are the nodal force vector and nodal displacement 
vector respectively defined for the element as follows: 
((FX)1 (Fy)1 (FZ)1 ............ 
} 
s-{ ul vl wl ............ 
I 
In order to obtain a correlation between equations (a) and (b), 
the following elemental interpolation equations are employed: 
uE ui Ni 
i 
vE vi Ni ... (c ) 
i 
wE wi Ni 
i 
where Ni(i = 1,2, .... ) are the elemental shape functions. 
Substituting equations (c) into equation (a) and comparing the 
result with equation (b), it can be deduced that 
(FX) i-Iff pax Ni dvol 
element 
( Y) i-p ay Ni dvol 
element 
(FL), -p aZ Ni dvol 
element 
... (d) 
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(b) Load Due to Rotational Inertia 
If a structure is rotating about a given axis, with a constant 
angular velocity vector 
w, as shown in Fig. 4.1, where 
w= 
w 1+(A) 
j+ 
wk 
then each infinitesimal mass am is subjected to a centrifugal 
acceleration: 
ä-wA (w A9 ) 
Let (x0, yo, z0) be a point on the axis of rotation, then at any other 
point (x, y, z), the position vector r is defined as follows: 
r (x - x0) 1+ (y - y0) 1+ (z - zo) lc 
Hence, it can be deduced that 
Wnr=( (z - Zo) - Z(y - y0)] 1 
+ [w(x-x0) -w(z-zo)1 1 
+ ((y - yo) - y(x - x0)] k 
and 
a= ax 1+ ay j+ az k 
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where 
2+2 
W llý 
y 
+w (w, (y - yo) +w (z - zo)l 
ay -- (Y-Y0)( +cX) 
... (e) 
+ y(W (z - z0) +W (x - x0)] 
az -- (z - zo)(w + 
y) 
+ Zto(x-x0)+w(y-yo)] 
The equivalent nodal loading vector can be obtained by 
substituting equations (e) into equations (d). For the special case 
of a structure rotating about the z-axis, 
wwk 
L 
and using cylindrical-polar coordinates, it can be deduced that 
ar = -w r, 
ae = aý -0 
i. e. 
(Fr) ipr Ni dvol 
element 
(Fe)i - (FZ)i =0 
which is suitable for employment in the analysis of radial impellers. 
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Equivalent nodal loading vectors for other types of element can 
be similarly obtained. 
4.3 SOLUTION OF LOAD-DEFLECTION E JATIWS 
4.3.1 Ordinary Solvers 
The major problem in structural analysis, using the FEM, is the 
solution of a set of simultaneous algebraic equations. Equations can 
be solved by either direct methods or iterative schemes, some details 
about direct methods have been reviewed by Weaver [Ref. 63]. The 
conjugate-gradient method which is an efficient iterative scheme has 
been described by Fox and Stanton [Ref. 64] and Fried [Ref. 65,66]. 
A state-of-the-art for different solvers was given by Meyer [Ref. 67]. 
The Gaussian elimination method, although dating as far back as 1826, 
is still the most efficient one [Ref. 68]. The Choleski square-root 
method has its importance in the case of multiple loading systems 
because the decomposition of the matrix is carried out only once for 
all of the loading systems. 
4.3.2 Economical Solvers 
The effect of the solution of equations on the efficiency and 
economy of the FEM has been explained by many investigators. Meyer 
(Ref. 67], Melosh (Ref. 681 and Irons and Kan [Ref. 691 have shown 
that the assembly and solution of equations may require up to 80%, or 
even more, of the total execution time depending on the size of the 
problem. For a structure with a very large finite element mesh 
thousands of equations could be generated which may require an 
enormous CPU time for their solution, perhaps presenting an impossible 
task for existing computers. Hence, the implementation of economical 
solvers is vital. Two basic economical solvers are summarised as 
follows: 
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(a) Banded Solver 
If the stiffness matrix, which is often symmetric, has a band 
of non-zero values around the leading diagonal and zeros elsewhere, as 
shown in Fig. 4.2, then the upper (or lower) half of this band is only 
required to be stored. Algorithms for ordinary solvers can be adapted 
so as to deal with banded matrices [Refs. 63,70]. Banded solvers can 
be more efficient, if the structure nodes are renumbered in a way 
which minimises the band width [Ref. 71]. Unfortunately, the banded 
solvers which are available in the present work, whilst being the most 
efficient of such solvers available, are not recommended for use with 
ring structures, such as radial impellers, because the band-width 
cannot be reduced efficiently. 
(b) Frontal Solver 
The frontal equation-solution technique was originated by Irons 
[Ref. 72]. The main theme of the frontal solution is to assemble the 
equations and eliminate the variables at the same time, as shown in 
Fig. 4.3 [Ref. 73]. As soon as the coefficients of an equation are 
completely assembled, from the contributions of all relevant elements, 
the corresponding variables can be eliminated. 
A frontal solver with a dynamic front width developed 
originally by the Applied Mechanics Group, and shown to be very 
efficient for use with virtual-memory computers (such as VAX), has 
been employed in this work. 
It is perhaps desirable to use the frontal solver for the 
analysis of radial impellers, and other large structures, for the 
following reasons: 
(i) The frontal technique uses less storage and arithmetic than 
the best Gaussian band algorithm. 
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(ii) In a ring structure, the band algorithm requires an artificial 
order of node number in order to achieve a small bandwidth, 
but the order of elements for the frontal technique is a 
natural one. 
(iii) Mesh refinement using higher order elements, is much easier 
with the frontal algorithm, since node numbers do not effect 
the front width. 
(iv) The part of the coefficient-matrix required in the direct 
access store (the front) is very small. In computers with 
a pagination system, this will lead to an enormous saving 
in CPU time lost due to page faults. 
4.4 ANALYSIS OF STRESS AND STRAIN 
An important and useful output from the finite element static 
analysis is the stress distribution. once the set of simultaneous 
equations relating the acting loads and displacements are solved, the 
nodal displacements for any element are available. 
The strains and stresses at any point within an element can 
then be calculated using the strain-displacement equations and 
stress-strain equations as explained in Chapter Two, as follows: 
c (Xly, Z) =B (Xjy, z) S(e) 
C (x, y, z) -DC 
(X, y, z) 
The B and D matrices for different types of element have been 
reviewed in Chapters Two and Three. An interesting problem arises 
when choosing the points at which stresses should be calculated. Two 
types of stress locations are available in this package, as follows: 
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(a) Nodal Location 
Stresses can be obtained at a certain node within the structure 
as the average of the stresses calculated from the elements meeting at 
the node. Using the procedure described in the preceding paragraph, 
it is possible to calculate the stresses at the nodes of an element 
directly. Generally speaking, the accuracy of stress determination is 
less than that obtained when determining nodal displacements [Ref. 
34]. 
(b) optimal Location 
It has been suggested that improved accuracy could be achieved 
by evaluating the stresses at optimal sampling points [Refs. 74,75]. 
Barlow [Ref. 74] proved that more accurate stresses can be obtained at 
Gaussian quadrature points, a technique which is also available in the 
present work. 
The present package also produces stresses for all types of 
element. Details concerning the evaluation of the principal stresses 
are given in Appendix (C). 
4.5 STRESS AMUSES OF SECTORU"Y-SYMMET tIC STRUCTURE 
Structures such as axial compressors, axial turbines, and 
radial impellers, usually consist of a number of symmetric sectors. 
If the applied forces and the boundary conditions are the same for 
each sector, then the stress distribution and deformation for each 
sector will be the same. Therefore, finite-element stress analysis of 
such structures can be simplified by considering only one sector as 
representative of the whole structure, [Ref. 76]. 
Consider the ith sector of a sectorially symmetric structure, 
as shown in Fig. 4.4. Discretising the sector into a suitable number 
of finite elements, the nodal displacement vector for the sector can 
be partitioned as follows: 
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-sector (Al ' 
84 82 
where 61 is the displacement vector for the nodes which are 
common between the sector under consideration and 
the previous one [(i-1)th sector], 
SZ is the displacement vector for the nodes which are 
common between the sector under consideration and 
the next one [(i+l)th sector), and 
So is the displacement vector for all of the internal 
nodes of the sector. 
A sector can be isolated from the whole structure with internal 
forces acting at nodes common between the sector and other sectors. 
Hence, the nodal force vector of the sector can be partitioned as 
follows: 
Fs 
sctor 
{Fl + Rl , Fo , F2 + RZ 
1 
where F1 , FO , FZ denote external loading, R1 , R2 denote 
internal 
loading and subscripts indicate nodes as defined above for S. 
The matrix equation of the sector: 
Ksector lector a Fssctor 
can, therefore, be partitioned as follows: 
K11 K1 o K12 1 F1 R1 
Ko 1 Ko o Ko 2 
ao = Fo + 0 
K21 K2 0 
E22 b2 F2 R2 
From the necessary and sufficient conditions for sectorial synmietry, 
it can be deduced that: 
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aý s a2 
s R2 
Hence, the two "unknown" internal force vectors, R1, R2, can be 
eliminated from the above partitioned matrix equation, leading to the 
following equation: 
I Ko o 
(Ko 
I+ Ko 2) 
So Fo 
(K10 + Kz 0 
(K1 
1+ K21 + K1 2+ K2 2) 
6 2F1 
Applying the boundary conditions in the usual manner, the above 
equation can be solved and the sector nodal displacement vector can be 
obtained. Hence, using the approach described in section (4.3), the 
stress and strain distribution can be evaluated for the sector. 
This technique has been implemented in the present work and can 
be used with any type of element for any sectorially-symmetric 
structure. 
For the special case of radial impellers (or similar 
structures) subject to rotational inertia, three-dimensional analysis 
can be even more simplified by employing cylindrical-polar 3D 
elements. As described in section (2.6.1) and using the following 
condition: 
ue =0 at all of the nodes common between the sector 
and other sectors. 
This condition will lead to a direct solution of the stiffness 
equation of the sector without the need to employ the above technique. 
CHAPTER FIVE 
DYNAMIC ANALYSIS OF STRUCTURES 
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CHAPTER FIVE 
DYNAMIC ANALYSIS OF STRUC URES 
5.1 INITUDUCTIci 
The finite element method applied to the dynamic analysis of 
structures has been explained briefly in section (2.2.2). 
Discretising the structure into a suitable number of elements 
connected by nodes, nodal dynamic equations can be derived in the 
following form: 
M S(t) +C S(t) +K 6(t) - F(t) 
The basic problem with different types of dynamic analysis is 
the need to deal with the large matrices usually associated with real 
structures, such as radial impellers. Economical solvers are 
essential. 
Three basic types of analysis are implemented in this work and 
they are summarised as follows. 
5.2 DYNAMIC EIGENVP LUE PROBLEM 
5.2.1 Introduction 
If there are no external forces acting on a structure, and if 
the initial conditions are properly imposed, it is possible to induce 
vibration in any one of several natural modes which are characteristic 
of the structure. In a natural mode each point of the structure 
executes harmonic oscillation about the position of static equilibrium 
and with the same frequency. Generally speaking, damping forces have 
little effect on the natural frequencies of structures such as radial 
impellers. 
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Considering the dynamic equations of a structure without 
damping and force terms: 
M äctý +x S(t) =o ... (a) 
at a natural mode of vibration with a frequency w, it is possible to 
assume that: 
8(t) a8 coswt 
Differentiating with respect to t, then it can be shown that: 
S(t) --wS sinwt 
S(t) a-W6 coswt 
substituting S(t) and b(t) expressions into equation (a), it can be 
deduced that 
-0) MS+K 6-0 
i. e. 
KS 632 M8 
or 
xa - XM8 
where 
xa Gj 
The above equation is a typical eigenvalue problem the roots of 
which define the natural frequencies of vibration. 
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5.2.2 Literature Review 
Classical methods for the solution of the algebraic eigenvalue 
problem, as defined above, have been reviewed by Wilkinson [Ref. 77]. 
Bathe and Wilson [Ref. 781 introduced a survey of probably the 
most efficient solution methods currently in use for the ordinary 
dynamic eigenvalue problem. 
The numerical advantages of each solution technique, operation 
counts and storage requirements, are given to establish guidelines for 
the selection of the appropriate algorithm. one of the popular 
standard algorithms is the simple iteration, which has been explained 
in many different ways in the literature (Refs. 79 - 84). This 
algorithm has many advantages some of which are given below: 
(i) It is direct and uses minimum manipulation 
(ii) There is no need to determine all of the eigenvalues if they 
are not all required. 
(iii) It may be suitable for non-positive definite matrices. 
(iv) It can be acclerated to a solution. 
One of the disadvantages of the simple iteration solver is that 
it requires large CPU time, if the finite element mesh is large, in 
which case an economiser should be employed. 
The subspace iteration solution is very efficient in the 
calculation of the lowest eigenvalues and corresponding eigenvectors 
for large structures [Ref. 31,85]. 
Banded and frontal techniques can be employed for the subspace 
method and result in a considerable reduction in the computer CPU 
time. 
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An efficient economiser is dynamic condensation which was 
introduced by Irons [Ref. 86] and described by other investigators 
[Refs. 84,87,88]. 
Shah [Ref. 89] has recently introduced a method for automatic 
condensation. The algorithm of this method is based upon a guideline 
of Kidder (Ref. 90] which assumes that the associated Guyna (Ref. 91] 
reduction process is valid. 
5.2.3 Standard Eigenvalue Solvers 
Two basic algorithms have been employed in the present work: 
a) Simple Iteration Solver 
b) Jacobi Solver 
Their details are available in Reference 92, and are summarised 
in Appendix (D. 1). 
5.2.4 Eigenvalue Economisers 
Three methods have been used in this work for eigenvalue 
economisation and they are summarised as follows: 
(a) Subspace Iteration 
If K and M are very large matrices whilst relatively 
few eigenvalues are required, then the subspace-iteration algorithm 
can be employed. The method is based upon reducing the K and m 
matrices whilst retaining the lowest eigenvalues. 
The basic steps of the subspace-iteration algorithm can be 
sununarised as follows [Ref. 31,78]. 
- 125 - 
0 Step 
In this step, the following load vectors 
Yl 1 Y2 . ............. Yp 
or the matrix 
nxp 1y1 Y2 ............. YPI 
will be assumed 
where n- the total number of degrees of freedom 
p«n 
An acceptable assumption is to define: 
Yi, j - Sij (Kronecker delta) 
Step 1 
The following systems of equations 
K 
-r 
a yr 
where ra1,2, ........ ,P 
... (a) 
will be solved. It is interesting to note that the above equations 
are very similar to the static load-deflection equations. 
- 126 - 
2 Step 
Define the matrix of the mode shapes: 
X= (8 S............ Ö 
Xp Zp 
which is a rectangular matrix. 
St 
Obtain the reduced subspace stiffness matrix K*, 
*a Kpxp pt 
-pxn -nK xn - xp 
4 Step 
Obtain the reduced subspace mass matrix M*, 
M* Xt mX 
- pxp -pxn -nxn -nxp 
5 Step 
For this step the system is reduced from the nth order to the 
order of the following equation 
Kpxp 
-pxl 
a pxp apxl 
And now once this step is achieved it is simple to use any standard 
eigenvalue solver, such as the simple iteration or Jacobi solvers, to 
obtain 
>, 
f 
X2 
t0.. 00.0.. *tX, and 
al , a2 , ............ . aý -P 
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Step 6 
Define the matrix of the subspace mode shapes, 
PxP -1 -2 
Sp 
7 Step 
A more accurate matrix of mode shapes can be obtained as 
follows, 
Xx-xX 
-p pn. w 
gold xpp 
8 Step p 
A new load matrix is obtained as follows 
nxp rnxn 
nxp 
Step 9 
Calculate the maximum error 
Er 
Max 
' MaX( 1Xi now 
Xi 
o1d1t 
ia1,2, 
... ' p% 
If the maximum error is greater than a given premissible error 
then return to Step 1. 
The solution of the load-deflection equations (a) in Step 1, is 
the most CPU time consuming part of the algorithm. However, banded or 
frontal solvers can be introduced in a way similar to that explained 
for static analysis, in section (4.3). In this work an even faster 
frontal solver has been developed for subspace iterations in which the 
elimination of the stiffness matrix K will only be carried out once 
during the first iteration. Special routines, for dealing with the 
triple products given in Steps 3 and 4 with frontal K and M matrices, 
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have been developed. The frontal subspace-iteration algorithm 
developed in this work has proved to be extremely efficient for 
virtual-memory computers, such as the VAX. 
(b) Dynamic Condensation 
This technique retains only a small proportion of the nodal 
displacements which are called "masters". The remaining "slaves" are 
assumed to minimise the strain energy, regardless of what effect this 
has on the kinetic energy [Ref. 86]. 
The dynamic condensation technique can be used with eigenvalue 
and response programs. The selection of masters for the present 
package can be achieved as explained below. 
Algorithm for Automatic Masters 
An efficient and reliable approach for the automatic selection 
of masters has been developed from that introduced by Shah [Ref. 89]. 
Let X. be a cut-off eigenvalue which is higher than all the 
significant eigenvalues. The algorithm to eliminate the slave degrees 
of freedom can be summarised as follows. 
(i) Find the Sth degree of freedom, for which the ratio K88/Mes 
is largest. 
(ii) If this ratio is greater then X, then this Sth degree of 
freedom is assumed to be one of the slaves and it can be 
eliminated as follows: 
Define 
Pr a Krs 
4c =- Mssl""Kss Pr + Mrs 
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where 
r 1,2, ..... ,n 
n- the order of the current K and M matrices. 
The reduced matrices can now be defined as: 
Ku 
v 
Ki j- Pi Pi /Ks s 
reduced 
Muv m Mt j- (Pi 4j +Ml pj )/Ks s 
reduced 
where 
im 1/2/ """""" S- 1/ S+ 1/ """""" /n 
1,2t """"""s- 1ý s+1, """""" 'n 
u-i for i<s 
u- i-1 for i>s 
v=j for j<s 
ý% _I for j>s 
(iii) Apply steps (i) and (ii) until the largest ratio found in Step 
(i) is less than or equal to \. At this point the degrees of 
freedom, associated with the resultant reduced matrices, represent the 
selected masters. 
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(c) Double Economiser 
This is a combined process of dynamic condensation and subspace 
iteration. The dynamic condensation technique is firstly employed to 
eliminate some of the degrees of freedom. Then, the condensed 
equations are solved by subspace iteration. 
5.3 RESPC KSE TO DYNAMIC LOADING 
Deformation, stress and strain for an engineering structure 
subjected to a dynamic loading (a loading which is a function of time 
t) can be obtained by means of the FEM matrix equation of the 
structure: 
M S(t) +C b(t) +K S(t) = F(t) ... (a) 
According to the nature of the exciting force, there are two 
different types of analysis available in this work and these are 
summarised as: 
(a) Transient Dynamic Analysis 
For the case where a structure is subject to a general exciting 
force, whether periodic or not, it may be useful for the designer to 
investigate the history of the structures response (deformation, 
stresses and strain) to the given excitation, and such an analysis is 
known as "Transient Dynamic Analysis". Using the FEM, an equivalent 
nodal loading vector F(t), corresponding to the actual excitation, 
will be evaluated at different time intervals. Then, by applying a 
suitable time-marching scheme to equation (a), the nodal displacement 
vector, and the stress- and strain- vectors can be obtained at such 
time intervals. 
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There are many time-marching or time-integration schemes which 
can be employed with the FEM [Ref. 341. Some weighted-residual 
Lagrangian schemes have been employed in the package presented here, 
and their details are demonstrated in Appendix (D. 3). 
(b) Steady-State Dynamic Analysis 
If the structure is subject to a periodic exciting force with 
time period T, then the corresponding equivalent nodel force can be 
expanded in terms of the following Fourier series: 
s 
F(t) E Fn r 
n-O 
where 
-o 
2 
--o 
Fn mA cos(nwt) + Bn sin(nest) 
w=2 n/T and 
A, Bn are Fourier coefficients. 
For such a case, the dynamic FEM equations for the structure 
can be reduced to a system of algebraic equations by using complex 
variables, as is explained in detail in Appendix (D. 4). 
Using such an approach the term F. and the corresponding 
displacement-vector term S. can be expressed as follows: 
Fn (t) - Rin e 
Jnwt) 
i 
an (t) - R(an e 
Jnwt) 
r 
where R()a Real part of (), 
Fn =A+J Bn , 
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JsV -+ 
and the complete answer will be: 
ft 
6(t) -E an (t) 
n-O 
The modified dynamic equations for the nth term of F and S can 
now be stated as follows: 
[K - (no)) 
2M- 3(nw) Cl bn - Fn 
If the structure is manufactured from a single block of 
material, i. e. no welded or bolted joints, then the structural damping 
can be introduced by modifying the stiffness matrix in the above 
equation as follows: 
((1 + Jfil) (Ilw)2 M- J(nw) Cl in - Fn 
where 
p is known as the hysteretic damping factor, and is equal to 
about 0.05 for steel and cast iron and about 0.01 for 
Aluminium and Aluminium alloys. 
Using the modern facilities of FORTRAN 77, no new solver is 
required for the above equations. Ordinary, banded, or frontal 
solvers used in static analysis, as explained in section (4.3), can be 
employed with variables being declared complex wherever required. 
Dynamic stresses and strains can be obtained in a way similar to that 
employed for static analysis in section (4.4) 
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5.4 NATURAL FP EE CY FOR DMPID SYSTEK 
Although the effect of structural damping on the values of 
natural frequencies for a structure, is negligible, a technique has 
been introduced here for the estimation of the natural frequencies in 
the presence of viscous and/or structural damping. This technique is 
based upon the following complex equation equivalent to the dynamic 
equation of a structure excited by a frequency w: 
[-W M-JO) C+ (1+J, u) K] S=0 
For the non-trivial solution of the above equation: 
I-0 J(C + (1 + JO) KI-0 
which generally gives complex eigenvalues. 
From the engineering point-of-view, the natural frequencies can 
be obtained from the following resonance condition. 
R I- w M- JOC + (1 + Jp) Kýa R(W) =0 
The values of cw, which make the real function R(w) equal to 
zero, define the natural frequencies, as shown in the figure below 
R (c. J) 
W, W2 
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A suggested procedure for determining such w's is based upon 
"the determinant search" technique. In this technique, the values of 
the residual function R(w) are to be calculated for a given number of 
w. Whenever the sign of R(w) changes (either from positive to 
negative or vice versa) a critical w can be found at the point where: - 
R(W) -U 
as shown in the figure below 
R((A) 
R1 
R2 
where 
w- wl 0- R1 
w2 - wi R2 - Ri 
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i. e. 
w wl - Rl (w2 
- wl 
) 
special techniques for dealing with overflow problems have been 
introduced, and are as follows: 
(a) The logarithm of the residual function R(w) is calculated 
in terms of the logarithms of Gaussian-Elimination pivots. 
(b) Before restoring the value of R(w) from its logarithm a scale 
factor will be used. The division by this implys a subtraction 
of its logarithm from that of R(w). 
The present package has a facility for calculating the most 
suitable scaling factor automatically. However, the evaluation of 
natural frequencies by using such a technique is only recommended if 
it is thought that the damping may have a considerable effect on the 
values of the natural frequencies, otherwise, the economical 
techniques described in section (5.2) should be employed. 
CHAPTER SIX 
MESH GENERATION AND PLOTTING 
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MILTY P QTY 
MESH GENERATION AND PLATTING 
6.1 IN'I'ROD(7CPION 
From the early 1960's, the finite element method has proved to 
be a very powerful technique for dealing with complex structures. An 
early difficulty with such structures, was the need to solve thousands 
of simultaneous equations which could require an enormous 
computer-storage memory and very large CPU time. It was recognised 
that the solution of equations could consume more than 80% of the 
total CPU time whenever a large structure was analysed. 
With the development of solver routines (such as the frontal 
solver), and the improvements in computer technology, it became 
apparent, during the late seventies, that a large amount of the cost 
for an FEM solution was not due to the computer cost itself but due to 
the cost of the human effort required for the data preparation. In 
fact, in order to model a complex structure, the coordinates and 
topology for thousands of nodes and elements, must be specified. 
Hence, it became clear that in order to make the FEM more economical 
the required human effort should be minimised. 
The use of an automatic (or computed) method for the generation 
of the finite element mesh can, of course, reduce such human effort. 
For that case, the structure may be defined in terms of some basic 
data parameters and by use of some standard approach for subdivisicn, 
a mesh can be generated. Much work has been done recently in the 
field of interactive generation of the required data (for mesh 
generation) and some powerful pre-processors which are capable of 
geometrical modelling of complex structures are now available on the 
market. Unfortunately, these general-purpose packages are too complex 
and require considerable skill in order that they be used efficiently. 
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In order to allow the package presented here to be employed for 
a wide range of structures, without very large human effort, it was 
essential to design, at least, a versatile mesh generator for two- and 
three- dimensional structures. Of course the human effort could 
further be minimised, if the present package was interfaced with a 
commercial geometrical-modelling package. 
In order to make the present package suitable for use in radial 
impellers (or similar structures), some additional mesh-generation 
facilities have been introduced, as will be explained in this chapter. 
The package also has its own facility for plotting original and 
deformed meshes. 
The mesh generation theory employed in this work was based upon 
the approach introduced by El-zafrany [Ref. 311 which was a 
development of that given by Zienkiewicz and Phillips [Ref. 931. The 
basic procedure for the mesh generation is based upon a manual 
modelling of the structure into the minimum possible number of cells 
or blocks which can themselves be described as standard finite 
elements. Using the isoparametric transformation, each block can be 
transformed to a more uniform shape in an intrinsic space where it is 
easier for it to be divided into elements. The final mesh is obtained 
by transforming the generated intrinsic elements back to global space. 
Although the mesh generator presented here requires some basic 
data for the definition of structural block modelling, it is very 
simple and practical, and it does not require a large computer memory. 
6.2 7090-DIMENSIONAL BLOCKS 
Using a recursive approach, every block is transformed into a 
uniform standard element in its intrinsic &, n plane. The block may be 
divided into simple 4-node quadrilateral, or 3-node triangular, 
intrinsic elements. A standard procedure can be employed for fitting 
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real elements inside the simple ones. Any quadrilateral element can 
be fitted into the domain of the 4-node intrinsic quadrilateral 
element by means of isoparametric transformation. 
This procedure reduces the mesh generation problem to one of 
generating intrinsic simple elements. 
6.2.1 Steps of Mesh Generation 
The complete steps for mesh generation will be explained for 
the first type of blocks, (the uniform quadrilateral block) as an 
example. Generation of elements for other types of block can be dealt 
with similarly. 
(a) Block Geometry 
Consider the example of a uniform quadrilateral block which may 
have the geometrical shape of any Lagrangian or Serendipity 
quadrilateral finite element, as shown in Fig. 6.1(a). The block can 
be transformed into a square of unit side length in its intrinsic ý-n 
plane, by means of the following isoparametric transformation: 
X Eg xi Ni (ý' 11) 
i"i 
n 
ye yi Ni (E, n) 
i"1 
where 
n9 - number of geometric points of the block 
xi, yi = cartesian coordinates of block local ith node 
Ni .., i=1,2, ... , ng are the shape functions of the block. 
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(b) Generation of Quadrilateral Elements 
This process can be carried out by using the following steps. 
(i) Division into Simple Elements 
The division can be performed in the &-n plane, in terms of the 
following data 
m- the number of divisions along the & -axis 
n- the number of divisions along the tl-axis 
R(1), RX(2), ... , Rx(m+l) - division ratios along the -axis 
R (1), R (2), ... ,R (n+1) - division ratios along the t? -axis. 
Defining: 
r m+l 
ýr E RX(i) /E Rx(i) 
i=1 i=1 
s n+l 
1ý ER (j) /ER (j) 
J-1 i-1 
r 1,2, ... , m+1 
s=1,2, ... , n+1 
then the straight lines of the following equations 
&_ &r r=1,2, ... , m+1, 
in 
° 8, Sa1,2, ... , n+1 
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intersect at the corners of simple rectangular element as shown in 
Fig. 6.1(b). If the numbering of the nodes and elements starts from 
the origin and along the &-axis: 
then 
the node with intrinsic coordinates (fir, 1i ) 
has the following number: 
(s-1)(m+1) +r 
The element abcd such that: 
a= Rr ,) 
ba (ý+1 
". s 
Ca ýt+l ' 's+l 
d= 
has a number a (s-1)m+r 
Number of generated nodes - (m+1)(n+1) 
Number of generated elements = m*n 
(ii) Fitting of Real Elements 
Any no-node quadrilateral element can be fitted into the domain 
of the generated 4-node simple elements. Each fitted element can be 
described as a square of unit side length in its local intrinsic ý`-n` 
system, as shown in Fg. 6.1(c). In order to obtain the intrinsic 
coordinates of the element nodes with respect to the block &-n system, 
an isoparametric transformation can be employed as follows: 
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where 
n 
i° 
Ec Nk (ý º hi) k 
k"l 
n 
ni a Ec Nk ni) k 
k-1 
are the coordinates for the ith local node of the 
element w. r. t. &` - h` system. 
(ýi , ni) are the corresponding coordinates in ý- fl system. 
i= 1ý2ý """ / no 
na number of simple-element nodes 
n0 - number of fitted-element nodes 
Nk = the kth shape function of the simple element. 
The simple element abcd is a rectangular element, in &, n plane, 
hence it can be proved that 
- Ea ) (Eb 
i. e. 
Ili s Vla +1I Yla 
[+i 
F"[+1 ýr ýi 22 
ni -N+ ný c na+1 - ne ) 
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(c) Generation of Triangular Elements 
(i) Division into Simple Elements 
The first step is to divide the block into mxn 4-node elements 
as shown before. Each eth quadrilateral element can be divided into 
two triangular elements in two different ways, as shown in Fig. 
6.2(a), (b). In order to have well-conditioned triangular elements, 
the shortest diagonal, in the cartesian system should be joined. 
A general procedure can be written for dividing any generated 
4-node quadrilateral into two 3-node triangles, for any type of block. 
(ii) Fitting of Real Elements 
Any no-node triangular element can be fitted into the domain of 
generated 3-node elements. The element (say ABC), can be transformed 
into a uniform one, in its local &`-fl' system as shown in Fig. 6.2(c). 
For any local (Ei , fi) node, the corresponding (ýi , fl) can be obtained 
by the following isoparametric transformation: 
i= (1 - 
&i - 11i) ýrº + &i ca + hl &c 
+ 11i r1c 
i 1,2, ...... n C 
(d) Description in the Cartesian System 
The previous processes generate either quadrilateral or 
triangular elements in the &n plane of the block. In order to 
describe the generated nodes in cartesian space, the following 
isoparametric transformation can be used 
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n 
xj = Eq xi Ni R ihj 
) 
1=1 
n 
yj = E9 yi Ni i &j ,nj) 
zj Eg Zi Nicýj, nj) 
i=i 
tý EQ ti Ni Rjr fl ) 
iýl 
n9= number of geometric nodes of the block 
Ni = shape functions of the block 
ti a thickness of the element at the ith node. 
(e) Generated Element Topology 
For the jth node of the eth generated element, j=1,2, ... , no 
the following steps should be carried out: 
(i) determine &j, hj (for the jth local node of the element) 
(ii) find the corresponding &j, nj as described above 
(iii) calculate the corresponding xi, yj, zj, using the 
isoparametric transformation, shown above 
(iv) compare the generated (xj 'y j , zj) with all (x9, yg, ZJ ) 
arrays 
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if the point is the rth point in (xg yg '19 ) then 
TA(e, j) =r 
if the point is not found, add it, as the last point, to 
(xg, yg, zg) and update the number of points N, as 
Nnew 
old 
+1 
then, 
TA(e, j) -N nsw 
6.2.2. Review of Two-Dimensional Blocks 
in this work, 7 different types of two-dimensional blocks have 
been introduced in order to provide facilities for an efficient mesh 
generation, such as transition and zooming. The details of the 
mathematical procedure for generating elements inside each type of 
block are reviewed in Appendix (E. 1). A brief description of these 
types follows: 
Type 1: Uniform Quadrilateral Block 
This block has been described earlier. 
Type 2: Uniform Triangular Block 
This block can have the geometrical shape of any triangular 
element. Each side of it is divided into the same number (say n) of 
uniform divisions generating n2 similar triangular elements, as shown 
in Fig. 6.3. 
Type 3: Quadrilateral Zooming Block 
Mesh generation zooming is a facility by which it is possible 
to generate a very fine mesh in a local zone surrounding a given node. 
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Such a facility requires special types of block such as the present 
one and type 6. The present block is a quadrilateral block which 
allows a two-directional transition. The block can be divided into 
quadrilateral or triangular elements as shown in Fig. 6.4. 
Type 4: Single-Layer Transition Block 
Transition blocks are required to be inserted between fine and 
coarse meshing in order to maintain compatibility between different 
blocks. The single-layer transition block is a quadrilateral block 
which has one layer of elements with two different divisions at two 
opposite sides as shown in Fig. 6.5. 
Type 5: Central Triangular Block 
This is a triangular block which can be divided into a number 
of triangular elements with one common vertex, as shown in Fig. 6.6. 
It is useful, for a structure such as a circular disc, to allow 
a uniform quadrilateral meshing with central triangles as demonstrated 
in Fig. 6.7. 
Type 6: Triangular Zooming Block 
This is a triangular block which is divided into triangular 
elements as shown in Fig. 6.8. The block can be employed for mesh 
zooming as demonstrated in Fig. 6.9. 
Type 7: Multi-Layer Transition Block 
This block is a quadrilateral block which consists of more than 
one layer each of which is similar to the single-layer transition 
block, as shown in Fig. 6.10. 
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The multi-layer block is very useful for providing a smooth 
transition from a very fine mesh to a very coarse one with 
well-conditioned elements. 
6.3 THREE-DIMmSID L BLACKS 
A useful idea, developed in this work, is the generation of a 
standard procedure by which it is possible to fit the actual element 
into a simple intrinsic element. The direct result of this is the 
reduction of the mesh generation procedure to one of dealing only with 
the problem of generating simple intrinsic elements. 
A second useful idea is the extension of the two-dimensional, 
n, intrinsic mesh in the C direction, generating a three-dimensional 
intrinsic mesh. This process can be carried out for all types of 
two-dimensional blocks, by using the same procedure. Two additional 
types of 3D blocks are reviewed in Appendix (E. 2). 
Finally, a standard procedure has been written for dividing the 
8-node intrinsic hexahedral into two 6-node intrinsic pentahedral 
elements. Another procedure has been written for the division of the 
6-node pentahedral element into three 4-node tetrahedral elements. 
6.3.1 Generation of 3D Blocks from 2D Blocks 
Consider any one of the 2D blocks discussed previously. Let 
the block be generated into simple intrinsic triangular or 
quadrilateral elements, in the &-1j plane. 
Define 
t 1+1 
E RE (K) E RZ (K) 
k=1 k=l 
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where 
1- number of divisions in the C direction, 
1ý a division ratio in the C direction 
Describing the 2D mesh in the planes 
c_ Ct , 
'a Ct +1 
in the same way, and joining the similar nodes, a three-dimensional 
layer will be generated. The triangular element generates a 
pentahedral element, and the quadrilateral element generates a 
hexahedral element, as shown in Fig. 6.11. 
The node numbers on plane Z- tt+l are to be increased by n 
above those of the nodes on plane C_C, where n is the total number 
of nodes for the 2D block. 
If n. is the number of elements of the 2D block, then the same 
element numbers can be employed for the first three-dimensional layer. 
The 3D elements of the layer between planes ( , +1) 
have numbers 
increased by no above those for the elements of the layer between 
planes (t_1, Ct). 
Using this approach, all two dimensional blocks given in 
section (6.2) can be employed for the generation of corresponding 
three-dimensional blocks. 
A review of such generated three-dimensional blocks is shown in 
Figures 6.12 - 6.18. 
6.3.2 Generation of Simple Pentahedra in a Hexahedral Element 
This process can be carried out in two different ways, as shown 
in Fig. 6.19, where each hexahedral element is divided into two 
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pentahedral elements. Although actual lengths of diagonals in the 
cartesian x-y-z space, are to be checked, the process is to be carried 
out on simple intrinsic elements, generating simple intrinsic 
pentahedra. Then the standard procedure, developed in this work, can 
be employed to fit the actual cartesian elements. 
6.3.3 Generation of Simple Tetrahedra in a Pentahedral Element 
The process of dividing a pentahedron into three tetrahedra can 
be carried out in many different ways. The easiest approach is as 
shown in Fig. 6.20 where the pentahedral element 123456 is divided 
into the tetrahedral elements 1234,2345 and 3456. The process is to 
be carried out, in intrinsic space, for pentahedral elements. For 
hexahedral elements, they should be divided first into pentahedral 
elements, as described above. 
6.4 ADDITIONAL MESH GENERATION FACILITIES 
These facilities have been introduced to simplify the mesh 
generation for structures such as radial impellers, and they can be 
summarised as follows: 
6.4.1 Generation of Full Mesh for Axisymmetric Shell Structures 
Axi-symmetric shells have practical importance and have 
attracted the attention of many investigators. If both the shell and 
the loading are axisymmetric, then the finite element analysis can be 
reduced to a one-dimensional analysis [Ref. 34]. For engineering cases 
where only a part of the structure can be considered as an 
axisymmetric shell (for example the disk of a radial impeller), or if 
it is required to investigate the full three-dimensional vibration 
mode shapes, it will be found to be impossible to employ axisymmetric 
analysis. However, the axisymmetry of the geometry can be utilised to 
simplify the mesh generation for the full structure. 
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A one-D mesh for the meridian curve of the axisymmetric part 
should be specified first. Using cylindrical polar coordinates, a 
full mesh for this part can be generated in terms of curved shell or 
facet elements, as demonstrated in Fig. 6.21, and linked with the 
elements of other parts of the structure. 
For the example of a radial impeller, the above technique can 
be employed for the modelling of the disc (using thick curved-shell or 
facet-elements), and the generated mesh will be linked with that of 
the blades (using thin facet shell elements). 
6.4.2 Generation of a Full 3D Mesh from a 2D Axisymmetric mesh 
Axisymmetric static and dynamic analysis of axisymmetric solids 
is available in this package. However, the dynamic analysis is 
limited to the investigation of circular modes of vibration. For full 
dynamic analysis and/or for a solid structure, where only some parts 
of the structure are axisymmetric, a full three-dimensional mesh is 
essential. 
For an axisymmetric part of a solid structure, a 
two-dimensional mesh for the cross-section can be obtained either 
manually or by using the two-D mesh generation facilities of the 
present package in a preprocessing step before the full generation. 
Then, by using some mathematical rotation techniques, the full 3D mesh 
can be generated by rotating the given 2D mesh one complete revolution 
with respect to the axis of symmetry, as demonstrated in Fig. 6.22. 
6.4.3 Generation of a Full Mesh for a Sectorially-Symmetric Structure 
The static analysis of sectorially-symmetric structures may be 
simplified if the applied forces and the boundary conditions are the 
same for every sector. For such a case, only one sector is necessary 
for the analysis, as explained in section 4.5. For the case of 
general loading, or a full dynamic analysis, a semi-analytical 
technique may be used but the plotting of the deformed mesh and mode 
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shapes will be found to be very difficult. An alternative technique 
is to use the FEM for the full mesh of the structure. This technique 
can even be more practical if the mesh of only one sector is used. 
Hence, a facility has been introduced in this work, by which it 
is possible to generate the full mesh for sectorially-symmetric 
structures from that given for one sector. The finite element mesh of 
the sector can be obtained by the mesh generation facilities available 
in the package, and it can be modelled by, two-dimensional, 
facet-shell, curved-shell or three-dimensional elements. The sector 
will then be rotated with respect to an axis of symmetry so as to 
generate the finite element mesh for other sectors, as shown in Fig. 
6.23. 
6.5 MESH PLOf 3 
Plotting of a generated mesh is very useful for checking that 
the mesh is compatible and does not contain ill-conditioned elements 
(over-distorted elements). The plotting of the deformed structure and 
mode shapes offers a qualitative facility for reviewing the results of 
the FEM analysis. Hence, a mesh plotter has been developed in this 
work in order to plot all types of elements available in the package 
with or without their deformations. Two-dimensional meshes can be 
plotted either in the two-dimensional plane, or in three-dimensional 
space. Three dimensional plots can be projected on any arbitrary 
plane and the user can therefore examine the finite element mesh from 
any view. 
The theory of mesh plotting was based upon the general approach 
introduced by El-Zafrany (Ref. 31] and was applied to the different 
elements available in this work. The plotting approach is reviewed in 
Appendix (E. 3), where simple projection theorems were used for the 
definition of basic pen movements required for the drawing of a finite 
element mesh. 
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The program, used in the present package, was based upon such 
an approach together with the basic routines of the Gino-F package 
(Ref. 94] required for character and straight-segments plotting. 
CHAPTER SEVEN 
FINITE-ELEMENT PROGRAMING SYSTEM 
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CHAPTER SEVEN 
FINITE-ELEMENT PROGRAMMING SYSTEM 
7.1 IN R ICK 
An advanced finite element package, which is capable of static 
and dynamic analysis of radial impellers, or of any similar structure, 
was designed on the basis of the theory described in the previous 
chapters. It is not possible to explain the different parts and 
segments of the package in this limited context, and a brief review of 
the package structure will, therefore, be given in this chapter. 
Generally speaking the above finite element package has the 
following basic characteristics: 
(i) Package Design Approach 
A modular design approach has been adopted for the present 
package. The package consists of several modules which are stored as 
separate computer files. Any program required for a particular task 
will be linked from one or more of these files according to the task 
specified. Such an approach facilitates the development and expansion 
of the package. 
(ii) User-Friendly Data 
Data required for the package, consists of simple data modules 
with self-explained titles. The package contains a number of 
subroutines for the interpretation and error-diagnosis of such data 
modules. For the case of illogical data parameters, descriptive 
messages will be printed and the program will be terminated after 
checking all other data modules. 
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(iii) Pre-Processing Facility 
The package has its own mesh generator which runs as a 
pre-processor and is capable of generating two- and three- dimensional 
finite-element meshes with all of the types of element available in 
the package. Additional facilities which simplify the mesh generation 
for radial impellers, and other similar structures, are also 
available. 
(iv) Sophisticated Library of Finite Elements 
The package contains a large library of finite elements 
including new elements developed in this work. Such a library may 
help the user to select an optimum element for his job. 
(v) Range of Applications 
The package is capable of performing static and dynamic 
analysis for a wide range of structural types; plane-stress, 
plane-strain, axisymmetrical solids, three-D solids, plates, facet 
shells and curved shells. 
(vi) Solution Accuracy 
The accuracy of a finite-element solution depends upon many 
parameters, including the theory of element derivation, the size of 
the finite-element mesh, the number of Gauss-quadrature points, etc. 
The package contains many facilities which allow the user to obtain an 
accurate convergent solution. New plate-bending and- facet-shell 
elements, which perform well within a wide range of structure 
thicknesses, are available. Gauss-quadrature points can be modified, 
etc. 
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(vii) Computational Economy 
Finite element analysis for a real structure usually requires 
the solution of a very large system of equations. The package 
contains many economical solvers which can deal efficiently with large 
structures. A frontal solver is available for static analysis. For 
vibration analysis, there are many eigenvalue economisers; dynamic 
condensation, subspace iteration and a double economiser. The 
subspace-iteration economiser program is also available with a frontal 
solver. 
(viii) Package Output 
Tabular and graphical displays of output are available. 
Generated and deformed meshes can be plotted with different views. 
Plotting of modal shapes of vibration is also available. 
(ix) Package Control 
There is a VAX command procedure which controls interactively, 
the different operations of the package. 
(x) Competency 
The package, with all of its facilities, provides programs 
tailored to the users requirements and is therefore very competent in 
comparison with other packages available on the market. 
The package consists of three basic streams as demonstrated in 
Fig. 7.1, and summarised as follows: 
a) Pre-processor 
This stream is responsible for reading and checking the 
job data and, whenever required, it generates a finite 
element mesh. 
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b) Finite-element analysis 
This is the principal stream through which the required 
finite element analysis is carried out. 
c) Post-processor 
After obtaining the results of a finite element analysis, 
this stream may be used for plotting a deformed mesh or the 
vibration mode shapes. 
7.2 MESH GENEI ATIQd AND PLOMNG 
The package contains a number of programs for mesh generation 
and plotting. Each program is a complete unit which carrys out a 
specific task, as will be explained later. Activation of the 
appropriate program can be achieved in a simple manner by use of an 
interactive VAX command procedure which will instruct the user through 
a compact menu of options. 
Mesh generation programs are used as pre-processors whenever an 
automatically-generated mesh is required. A special data file, which 
describes the block modelling of the structure and the division ratio, 
should be defined, after which the mesh generator will be used before 
the FEM-analysis program is run. 
The results of the mesh generation are stored in computer files 
to be used directly for the analysis and/or mesh plotting. 
Mesh-plotting programs may be used immediately after generating 
a mesh in order to check the generated mesh and define nodal numbers 
for boundary and loading conditions. A deformed-mesh plotting program 
may be activated as a post-processor in order to plot the deformed 
structure, or its vibration mode shapes. 
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The basic programs for mesh generation and plotting are 
summarised as follows and shown in Fig. 7.2. 
7.2.1 Zwo--Dimensional Mesh Generation Program (2Di4ESH) 
This program, which is based upon the theory given in section 
(6.2), generates a mesh of two-D elements in two- or three- 
dimensional space for two-dimensional, plate-bending, facet-shell and 
curved shell structures. The program contains seven different types 
of blocks, as shown in Fig. 7.2, and only the generation of simple 
intrinsic elements for the blocks requires programming. A generalised 
"FITTER" subroutine is used to fit the real cartesian elements in the 
generated intrinsic ones. A simple "SEARCH" subroutine is employed to 
verify that the generated nodes are unique. For plates and shells 
with variable thickness, the block thickness is interpolated so as to 
obtain a reasonable thickness distribution for every generated 
element. 
7.2.2. Three-Dimensional Mesh Generation Program (3DMESH) 
This program is capable of generating three-dimensional meshes 
with cartesian or cylindrical-polar elements. No intrinsic-generation 
subroutines are required for its seven blocks as shown in Fig. 7.2. 
The same 2D subroutines are used with one expander subroutine which 
generates the 3D intrinsic mesh by moving the &-11 mesh in the 
Z-direction. The same "FITTER" and "SEARCH" subroutines are employed. 
Additional subroutines for generating pentahedra in a hexahedron and 
tetrahedra in a pentahedron are included. 
7.2.3 Additional Mesh Generation Facilities 
The following programs which provide additional useful mesh 
generation facilities are available in the package. 
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(a) program AXISHELL 
This program generates a complete mesh for an axisymmetric 
plate- or shell- structure. It reads a one-dimensional 
mesh defining the meridian curve for the midsurface of the 
structure and generates the required two-D mesh by 
rotating the meridian curve around the axis of symmetry. 
(b) program AX13D 
This program uses a two-dimensional mesh which is 
manually- or automatically- generated (using program 
2DMESH) for the cross-section of an axisymmetric solid 
structure, in order to generate a full three-dimensional 
mesh for such a structure using cartesian or 
cylindrical-polar 3D elements. 
(c) program SECTMESH 
The input to this program is the mesh for one sector of a 
sectorially symmetric structure. The sector mesh could be 
2D, plate, shell or 3D, manually- or automatically- 
generated mesh. The program is capable of generating the 
mesh for the complete structure of any number of its 
sectors. 
7.2.4 Mesh Plotting Programs 
Some programs for the plotting of the original and/or the 
deformed mesh are available with the following facilities: 
(i) plotting of two-, or three-dimensional structures 
(ii) the mesh plottir.; can be projected on any arbitrary 
plane with specified directional cosines 
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(iii) plotting of nodal symbols and nodal numbers 
(iv) plotting of a 2-line title defined interactively 
(v) plotting of coloured plots 
(vi) magnification of structure deformation, if required. 
(a) Two-Dimensional Programs 
These are 2DPLOTO and 2DPLOTD which are used for the 
plotting of original and deformed two-D meshes, 
respectively. Plots can be obtained with respect to 2D 
plane or three-D cartesian space for two-D, plate and 
shell structures. An additional facililty is available for 
plates and shells, with which it is possible to plot the 
upper and/or lower surface of the structure. 
(b) Three-Dimensional Programs 
Programs 3DPLOM and 3DPLOTD are available for the 
plotting of original and deformed three-D meshes, 
respectively. 
7.3 FINITE ELE24INP LIBRARY 
The package contains a comprehensive finite element library in 
order to deal with a wide range of structures, namely; 
two-dimensional, plate, facet and curved shell, and three-dimensional 
structures. Subroutines for the derivation of intrinsic shape 
functions and their derivatives are available for 20 basic elements. 
In the FEM library presented here, the same intrinsic element may be 
used for the derivation of different types of elements. 
Two-D Lagrangian intrinsic elements are employed for two-D, 
axisyimnetric, mindlin plate, and curved shell elements, whilst three-D 
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Lagrangian intrinsic elements are used for cartesian and 
cylindrical-polar elements, as demonstrated in Fig. 7.3. 
The above facility explains why, with only 20 intrinsic 
elements, the package can use up to 78 different types of elements as 
listed in Table 7.1. 
A complete description of the intrinsic elements available in 
the package has already been given in Chapters 2 and 3. 
Element Code 
In order to help the user to employ the proper type of 
intrinsic element, a three-digit code is defined for each element as: 
dl d2 d3 
where 
dl is the intrinsic family number, as defined in Table 7.2, 
d2 is a serial number within the same family, 
d3 is the number of Gaussian-quadrature points, 
in one-dimension, required. 
The type of element, with respect to finite element analysis, 
is usually defined interactively when activating the package command 
procedure. 
7.4 STATIC ANALYSIS 
Using its sophisticated library of elements, the package is 
capable of carrying out static analysis for different types of 
structure, including radial impellers, with nodal and/or inertial 
loading. Following the modular programming approach, the static 
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analysis programs are composed of different files each of which has a 
specified task. With the aid of the package command procedure it is 
possible to link the necessary files for a particular job. The basic 
modules for the static analysis, as demonstrated in Fig. 7.4, can be 
summarised as follows. 
7.4.1 Element Matrices Generator 
The stiffness matrix for an element can generally be defined as 
follows: 
K(-) ,itI Bt DBdvol 
element 
A unified approach has been adopted in this work for the 
generation of the element stiffness matrix. An approach which 
requires the following basic subroutines, as illustrated in Fig. 7.5. 
(i) D- Matrix generator 
(ii) B- Matrix generator which requires Jacobian-Matrix, 
intrinsic derivatives, and Cartesian derivatives 
subroutines 
(iii) Rotation-matrix generator, for facet and curved shell 
elements 
(iv) Matrix-Manipulation subroutines, for the following basic 
operations: 
0 Matrix-Initiation 
0 Matrix-by-matrix product 
" Matrix transpose 
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0 Matrix summation 
0 Matrix-by-vector product 
0 Matrix inversion 
A number of files have been designed for the generation of 
element stiffness matrices, and whenever applicable, the element 
equivalent nodal loading vector. Each file contains its own 
subroutines as defined above and the basic files for element stiffness 
matrix generation (E. S. M. G) can be summarised as follows: 
(a) Two-D and Axisymmetric Structures 
File 2DPX is designed for plane-stress, plane-strain and 
axisymmetrix structures, and a single data parameter is 
required in order to differentiate between each type. 
(b) Three-D Structures 
Two files are available; 3DCAR for the E. S. M. G. of 
three-dimensional cartesian elements, and 3DCYL for the 
E. S. M. G. of cylindrical-polar elements. 
(c) Plates in Bending 
Three files have been designed for the E. S. M. G. of 
plate-bending elements which are as follows: 
(i) MINPLATE: for Mindlin elements which are recommended 
for thick plates 
(ii) KIRPLATE: for Kirchoff elements which are suitable 
for thin plates 
- 162 - 
(iii)NEWPLATE: for the E. S. M. G. of new plate-bending 
elements which are efficient for thin and/or thick 
plates, as explained in Chapter 3. 
(d) Facet-Shell Structures 
The following files are available in the package: 
(i) MINFACET: for thick facet elements with 6 or 
5 degrees-of-freedom 
(ii) KIRFACET: for thin facet elements with 6 or 
5 degrees-of-freedom 
(iii)NEWFACET: This file is used for the E. S. M. G. of the 
new facet elements derived in this work for thin and/ 
or thick facet shell structures. 
(e) Curved-Shells 
A file named AHMAD is available for the derivation of an 
element stiffness matrix for AHMiD's element which is 
suitable for the analysis of curved thick shell 
structures. 
A facility is also available in the package with which the 
number of quadrature points used for the derivation of the element 
stiffness matrix can arbitrarily be selected. 
7.4.2 Assembly and Solution of Load Deflection Equations 
The following basic procedures are available for the assembly 
and solution of load-deflection equations. 
- 163 - 
(a) Banded Solver 
Using banded matrices, separate subroutines are designed for 
the assembly and solution of load-deflection equations, as follows: 
(i) Assembler 
This subroutine calls the element-stiffness-matrix 
generator and the element-equivalent, nodal, 
loading-vector generator in order to formulate the 
stiffness matrix .K 
(in a banded form) and the nodal 
loading vector F for the whole structure. 
(ii) Reducer 
Rows and columns in K and F, corresponding to restrained 
degrees-of-freedom, are eliminated by subroutine REDUCER 
in order to formulate the reduced stiffness matrix ICED 
(in a banded form) and the reduced loading vector FRED' 
for the structure. 
(iii) Solver 
In this subroutine, the Gauss-elimination or 
Choleski-factorisation method is employed for the 
solution of the banded system of equations: 
- ED 
! 
RED c 
FRED 
(b) Frontal Solver 
When using a frontal solver, it is not possible to separate 
equations assembly and reduction from the solution process, as 
explained in section (4.3.2). A frontal solver based upon the 
Gauss-elimination method is adopted in this work and consists mainly 
of the following subroutines. 
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(i) Initiator 
This subroutine initiates a number of vectors and 
matrices required for the frontal operation and also 
estimates the maximum front width. 
(ii) Eliminator 
Through this subroutine, each element stiffness matrix is 
assembled, reduced, and eliminated (whenever applicable) 
in a step-by-step procedure. In this procedure, an 
eliminated equation is stored immediately in the back-up 
store, keeping only a small matrix (the front) in the 
direct access store. 
(iii) Solver 
In this subroutine, the eliminated equations are 
restored, one-by-one, in a reverse order from the direct 
access store in order to perform the Gaussian backward 
substitution which leads to the final solution. 
7.4.3 Nodal Displacements and Reactions 
Having calculated the reduced displacements, a subroutine is 
employed to calculate and list the total nodal displacements S for the 
structure. Another subroutine is used to calculate the nodal 
reactions, or residuals, according to the following equations: 
RF-Kö 
7.4.4 Stresses and Strains 
Subroutines for the calculation of stress- and strain- 
distributions at either nodal locations or optimal locations are 
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available. Listings of stresses and strains with respect to relevant 
and principal axes are obtained. 
7.5 DYNAMIC ANALYSIS 
It is possible to carry out different types of dynamic 
analysis for different structures, including radial impellers, in a 
way similar to that explained for the static analysis. There are also 
many files for such an objective and the program relevant to a 
specified job can be linked with those files by means of the VAX 
command procedure. The fundamental modules for dynamic analysis are 
demonstrated in Fig. 7.6 and can be summarised as follows. 
7.5.1 Element Matrices Generators 
Both the element stiffness matrix and the element mass matrix 
are required for any finite-element dynamic analysis. Subroutines for 
the element stiffness matrix are the same as those used for static 
analysis as given in section (7.4.1). 
The mass matrix for a finite element is defined in a unified 
approach as follows: 
Mj. ) 
Nt DD N dvol 
element 
Hence, unified subroutines have been designed for the generation of 
the mass matrix for every type of element, in a way similar to that 
explained for the element stiffness matrix in section (7.4.1). These 
subroutines are introduced in the same files referred to in section 
(7.4.1). 
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7.5.2 Natural Frequency Analysis 
Two basic approaches have been adopted depending upon whether 
the structural damping is to be considered or not. 
(a) Undamped Structure 
Subroutines for the assembly and reduction of banded 
stiffness and mass matrices are available. Eigenvalue 
solver subroutines for such matrices are as follows: 
(i) Ordinary Solvers 
(ii) Dynamic Condensation 
(iii) Subspace Iteration 
(iv) Double Economiser 
based upon the theory described in Chapter 5. 
It was realised, during the early tests of the package, that 
the most efficient eigenvalue solver is subspace iteration with a 
frontal solver. Hence, files for such a solver have been implemented 
for all types of elements available in this package. 
(b) Damped Structure 
If it is thought that the structural damping will have a 
significant effect on the natural frequencies of a structure, a 
facility is available by which it is possible to determine the natural 
frequencies taking damping into consideration. From a programming 
point-of-view, this facility, which is based upon the determinant 
search technique, is a direct application to the steady-state response 
program. 
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7.5.3 Response Analysis 
Subroutines are available for the dynamic response analysis as 
follows: 
(a) Steady-State Response 
A subroutine is capable of assembling a complex stiffness 
matrix for an element, as follows: 
z M(e) K(e)_ (1 + JP) K(6) -2 
where 
Kt. ) and 
Mee) are the element stiffness and mass matrices 
respectively obtained from subroutines described earlier. 
Using the facilities of FORTRAN 77, it is possible to write 
assembler, reducer, and solver subroutines which can deal with banded 
complex matrices and vectors in a way similar to that used for static 
analysis. 
A complex frontal solver, which is also based upon the static 
frontal solver, is available. 
(b) Transient Response 
Subroutines for transient-response analysis based upon the 
Lagrangian weighted-residual time-marching technique, as 
explained in section (5.3), have been written for two- and 
three-dimensional structures. 
7.6 PACKAGE CQV'IROL 
The package consists of a very large number of FORTRAN files 
and linking the appropriate files for a specific task would be 
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extremely difficult for any user. Using VAX/VMS facilities, a 
sophisticated VAX command procedure has been designed in order to 
control package linking and execution. The command procedure file, 
when activated, presents interactive, self-explained menus to the 
user, by which the procedure will link the relevant program from the 
package files, as demonstrated in Fig. 7.7. 
CHAPTER EIGHT 
RESULTS AND DISCUSSION 
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QIAPTER EIGHT 
RESULTS AND 
8.1 VERIFICATIQ1 CASE STUDIES 
The finite-element package presented in this work has a large 
number of facilities and employs a sophisticated library of elements, 
containing some new elements introduced in this thesis. It is clear 
from previous chapters that those new elements were based upon 
rigorous mathematical derivations which makes it vital to verify them. 
on the other hand, it is essential to validate each other facility of 
the package before employing it for the analysis of a large structure 
such as the radial impeller. 
A direct approach for the validation of the finite-element 
package presented here is by comparing its results with those obtained 
by employing other reliable packages, provided that they contain the 
same facilities, which was not always possible. Hence, it was decided 
to use an independent measure for the package verification, by 
employing it for the analysis of problems with known analytical 
solutions and comparing results. By the same token, some experimental 
work has also been carried out and the experimental results so 
produced have been compared with those obtained from use of the 
package, as explained in the next sections. 
Thousands of very simple cases with known analytical solutions 
have, in fact, been tested and their results have verified each 
facility and each subroutine in the present package. Some interesting 
cases, including those dealing with new elements, are summarised in 
this section. 
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8.1.1 New Plate-Bending Element 
A simple case of a cantilever plate, as shown in Fig. 8.1, was 
employed for static and dynamic analysis. A coarse mesh with four 
9-node elements, as demonstrated in Fig. 8.2. was used with 
Mindlin-, Kirchoff- and New-Plate-Bending elements. Cases with 
different thicknesses were tested, and the nomenclature "thin" as 
used, for example, in the titling of the result figures, is for 
thickness/width ratios (h/b) less than or equal to 0.1, whereas 
"thick" plates signify a thickness/width ratio greater than 0.1. 
a) Static-Analysis Results 
The free edge of the plate was subjected to a uniform lateral 
line-pressure simulating a cantilever beam under a concentrated 
lateral load at its free end. 
The corresponding lateral displacement w at the free end of the 
plate, normalised by dividing it by the value of w obtained by using 
the beam-bending theory, was plotted versus (h/b) for the thin and 
thick ranges in Figures 8.3-a and 8.3-b, respectively. 
The Mindlin-element has shown "shear locking" at h/b < 0.025 by 
giving meaningless answers. It can be seen from Figures 8.3-a, b that 
the new plate-bending elements performs like the thin Kirchoff-element 
within the thin range, and performs like the thick Mindlin-element 
(including the effect of transverse shear) within the thick range. 
On the other hand, it is clear that the derivations for 9-node 
subparametric elements presented in this work, for both Kirchoff- and 
new-plate-bending elements have proved to be correct. 
It was noticed, through the course of running the previous 
cases, that the values of the stresses at elemental nodes were much 
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less accurate than their values at optimal points (Gaussian-quadrature 
points), and it is strongly recommended that stresses be evaluated at 
such optimal points only. 
The distribution of the bending stress CcJ(at the optimal ý- 
points) was plotted along the plate y-axis (defined in Fig. 8.1) for 
the plate with h/b - 0.1, as shown in Fig. 8.4. It is clear from that 
figure that the Kirchoff- and the New-Plate-Bending elements give a 
more uniform distribution along the beam axis than the Mindlin 
element. 
The values of y/(ay )analytical at the optimal point nearest 
to the fixed end of the plate, were plotted versus h/b for different 
types of 9-node elements as shown in Figures 8.5-a and 8.5-b. It is 
clear from these figures that the 9-node subparametric Kirchoff and 
new elements are capable of predicting very accurate values for stress 
and that the new element has a very stable and accurate performance 
within a very wide range of thickness. 
b) Dynamic-Analysis Results 
The natural freuquency analysis has been carried out for the 
same cases used previously in the static analysis. The 
non-dimensional frequency X was plotted against h/b. It is worth 
mentioning that X is defined for beams as follows: 
W 
/ (h/b) 
E b2 
12 p L4 
where 
w is the natural frequency of the plate, 
E is the Young's Modulus of the plate material, 
- 172 - 
p is the density of the plate material, and 
h, b, L are as defined in Fig. 8.1. 
The results for the first natural frequency (1B) are shown in 
Figures 8.6-a and 8.6-b whilst those for the second natural frequency 
(2B) are illustrated in Figures 8.7-a and 8.7-b. 
Note that the values of X obtained from the beam-theory 
solution (thin beams) are as follows 
>11 
B-3.515, 
Xz 
13 = 
20.03 
It is clear from those figures that the mass matrix derivations 
for the sub-parametric 9-node Kirchoff-and New-Plate-Bending elements 
are correct. It is also obvious that the new-plate-bending elements 
does not lock for plates with very small thickness as does the Mindlin 
element. For the thick range, the new element converges with the 
Mindlin element, with both elements including the effect of transverse 
shear and rotary inertia, which explains their deviation from the 
beam-theory answers for larger plate thicknesses. 
8.1.2 Facet Shell Elements 
A circular plate which can be considered as a curved circular 
cantilever beam, as shown in Fig. 8.8, was used for the evaluation of 
the performance of old and new facet-shell elements, for a wide range 
of plate thicknesses. 
Two basic meshes have been tested, the first using 4-noded 
elements, as shown in Fig. 8.9 whilst the second employs 9-noded 
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elements as shown in Fig. 8.10. Each mesh was tested with Kirchoff 
facet shell elements, Ahmad curved-shell elements, and the new 
facet-shell element for static and dynamic analysis, and the results 
can be summarised as follows: 
a) Static-Analysis Results 
The circular plate was subjected to a vertical load (in the 
z--direction) at its free end and W/W(ana1) at that end has been 
plotted versus h/b. Results for 4-noded elements are as shown in Fig. 
8.11, whilst those for 9-noded elements are demonstrated in Fig. 8.12. 
It is clear from these curves that the new facet shell element 
behaves well in a wide range of thicknesses and is capable of 
accounting for the transverse shear effect without locking in the thin 
range of plate-thickness. 
It is worth mentioning that all of the tested elements became 
numerically unstable for h/b < 0.05. This phenomenon is due to the 
round-off errors between the in-plane and out-of-plane terms in the 
element stiffness matrix [the first are 0(h/L) and the second are 
0(h/L)31. This problem could be eliminated by employing 
double-precision arithmetic in the FORTRAN programs. 
b) Dynamic-Analysis Results 
The natural frequency analysis has been carried out for the 
cantilever circular plate using the same cases as have been used for 
the static analysis. 
The non-dimensional frequency for the 1B and 2B modes have been 
plotted for 4-noded elements in Figures 8.13 and 8.14, respectively 
and for 9-noded elements in Figures 8.15 and 8.16. 
It is clear from these figures that the new facet shell element 
behaves very well within a wide range of thicknesses. For thin plates 
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it converges with the Kirchoff facet-shell element and for thick 
plates it converges with Ahmad's element which is known to suffer from 
shear locking at small h/b. 
8.1.3 Cylindrical Elements and Sectorial Symmetry 
Cylindrical-polar, three-dimensional solid elements have been 
derived to be employed for sectorially-symmetric structures. At an 
early stage of the work, the following isoparametric equations 
suggested by (Ref. 21 were used: 
r(x, y) sE ri Ni (x, y) 
e(X, y) -E 8i Ni (X, y) 
A simple validation case for a rotating solid disc with a 
uniform thickness has been tested. Unfortunately, there was 
considerable deviation between the analytical and the FEM results. 
Then the previous equations were replaced by the following 
isoparametric x-y equations: 
r cos8 -E ri cosec Ni (x, y) 
r sine aE ri sin8i Ni (x, y) 
and the results were found to be satisfactory. The FEM results for a 
complete disc, with the mesh shown in Fig. 8.17, based upon the two 
concepts together with the corresponding analytical solution have been 
plotted. The radial displacement, the radial stress and the hoop 
stress are demonstrated in Figures 8.18-8.20, and it is obvious from 
these figures that the derivations introduced in this work lead to 
more accurate results than those produced with the aid of the previous 
derivations. 
Having completed the results for the whole disc, one-sector was 
tested only, using the sectorially symmetric facility. The mesh for 
- 175 - 
the sector is shown in Fig. 8.21, and radial displacement, radial 
stress, and hoop stress are plotted versus the radius of the disc as 
shown in Figures 8.22,8.23 and 8.24 respectively. These figures 
confirm the accuracy of both the sectorially symmetric facility and 
the derivation of the three-D cylindrical-polar element presented 
here. 
To illustrate the effect of sectorially symmetry on CPU time, 
the same disc was analysed for a varying number of sectors and the CPU 
time is plotted against the number of sectors, as illustrated in Fig. 
8.25. It is obvious that the sectorial symmetric facility can save an 
enormous amount of CPU time. 
8.1.4 Economical Solvers 
The case of a circular plate, with the mesh shown in Fig. 8.26, 
has been employed in order to investigate the economy of static and 
dynamic solvers before using the package for the investigation of 
radial impellers. 
a) Static Analysis 
It was clear from the different static tests that the most 
economical solver for static analysis is the frontal solver. The 
banded-solver could still be used for small structures. 
b) Dynamic Analysis 
The natural frequencies obtained by using dynamic condensation, 
subspace iteration and the double economiser have been plotted versus 
the number of master degrees-of-freedom, in Figures 8.27 - 8.30, which 
indicates that subspace iteration can provide accurate answers 
irrespective of the number of subspace degrees-of-freedom selected, 
whilst the dynamic condensation and the double economiser require a 
minimum number of masters before converging to an accurate answer. 
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The CPU time for the previous cases was plotted against the 
master degrees-of-freedom as shown in Fig. 8.31 and it is obvious that 
the most economical eigenvalue solver is the subspace iteration solver 
provided that it is based upon the frontal concept. 
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8.2 EXPERIMFNFA . WM 
8.2.1. Holographic Interferometry 
The technique of dynamic time-averaged interferometric 
holography was employed for the present investigation. The 
time-averaged technique is a valuable tool in vibration analysis 
because it allows for the production of a pictorial representation of 
any specific mode of vibration for the whole surface of a vibrating 
component [Ref. 95,96]. The modal pattern at a natural frequency can 
be studied using only one holographic exposure which provides 
information about the amplitude of vibration and the locations of the 
vibratory nodes. 
A test rig as shown in Fig. 8.32 - 8.33, and as explained in 
Appendix (F. 1), has been used. The test rig has been used to study 
the mode patterns of a radial impeller using time-averaged holography, 
through the following three stages: 
a) The Production of a Transmission Hologram 
A transmission hologram can be defined as a diffraction grating 
produced by a photographic emulsion when exposed to an interference 
pattern produced by two coherent wave fronts, coming together at an 
angle of not more than 45° on the same side of the photographic plate. 
To produce two coherent wave fronts at the plate using a HE-NE laser, 
the difference in path lengths of the object and reference wave front 
must be less than the coherence length of the HE-NE laser. With these 
considerations in mind the apparatus was set up as shown in Fig. 8.34, 
it was then found that to produce the brightest hologram, the light 
intensities of the object and reference beam had to be equal, this was 
achieved using a variable density filter/beam splitter. Since the 
HE-NE laser had a power output of 15 mw it was necessary to paint the 
object matt white so as to produce maximum reflection of the object 
wave front. 
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b) The Excitation of the Impeller at Natural Frequencies 
Piezo-electric crystals were used to excite the radial impeller 
because contact between the whole crystal face and the disc or the 
blade of the radial impeller could be obtained and because the 
piezo-electric crystals had very low mass. This meant that energy 
losses were very small since spurious noise was eliminated. Since the 
mass of the piezo-electric crystals was negligible, compared with the 
mass of the disc, the resonant frequencies could be accurately tuned. 
c) The Production of a Time-Averaged Hologram 
Before a mode shape could be produced, the natural frequency 
for that mode shape had to be found. This was achieved by monitoring 
the change across the signal crystal and comparing it with the change 
in voltage across a crystal cemented on to the impeller to pick-up its 
frequency response. Both signals were displayed on an oscilloscope 
simultaneously, it would then be seen when for a particular frequency 
a maximum peak-to-peak voltage across the "pick-up" crystal was 
produced for a constant peak-to-peak voltage across the signal 
crystal. This particular frequency was accurately monitored using a 
frequency counter connected through the oscilloscope to the signal 
generator. 
To produce the time-averaged hologram, the impeller was 
vibrated at a natural frequency while recording a transmission 
hologram. 
Radial Impeller Case Study 
The radial impeller demonstrated in Fig. 8.35, has been 
analysed using the previous technique. The mode shape was obtained at 
w= 2550.4 Hz as shown in Fig. 8.36. The result has been compared 
with that obtained by the package as explained in section 8.3. 
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8.2.2 Stress Analysis of Rotating Radial Impeller 
While the holographic technique was used for evaluating the 
accuracy of the dynamic results obtained from the radial impeller 
package, the accuracy of the steady stress results, obtained from the 
same package, was checked by means of a combined strain-gauge/slipring 
assembly applied to a real rotating radial impeller. 
The rotating impeller test-rig was simple as can be seen from 
Fig. 8.37-a, b, where the impeller was driven by an electric motor and 
strain gauges were fixed at critical points over the disc and blades. 
The radial impeller shown in Fig. 8.38-a, b was, in fact, produced by 
the Elta Fan Company who had asked the Applied Mechanics Group to 
determine the steady-state stresses produced at specific rotational 
speeds. The results obtained from the strain-gauges have been compared 
with the FEM results obtained from the radial impeller, and the 
comparison is given in the next section. An explanation of the 
details of this rig is given in Appendix (F. 2). 
8.3 RADIAL IMPELLER CASE STUDIES 
8.3.1 Case 1 
The radial impeller tested by using the holographic technique, 
as explained in section 8.2.1, has been analysed using the FEM package 
in order to assess the efficiency of the package and the results can 
be summarised as follows: 
a) Blade Vibration 
The blade of the impeller was analysed by the package assuming 
that it is rigidly fixed to the impeller disc and the mode shapes are 
as shown in Fig. 8.39-a, c and Fig. 8.40-a, c. The theoretical results 
have been compared with those obtained by (Holography) as shown in 
Table 8.1. It is clear from that table that a difference of about 4% 
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to 14% has been obtained between numerical and experimental results. 
This difference is probably due to the flexibility of the disc which 
is not considered in the FEM analysis. 
b) Vibration of the Whole Impeller 
The mode shape observed experimentally, as shown in Fig. 8.36, 
has been obtained theoretically by using two different meshes as 
demonstrated in Fig. 8.41-ab and 8.42-a, b. The comparison between 
the numerical and the analytical results is given in Table 8.2, where 
it is clear that the results of the fine FEM mesh are within about 5% 
of those obtained from the experimental work, and it is possible that 
even greater accuracy could have been obtained for a more fine mesh 
still. 
8.3.2 Case 2 
The second radial impeller as shown in Fig. 43 has been 
analysed to evaluate the steady-state stresses due to rotational 
inertia. The FEM results have been plotted together with experimental 
results obtained by using the technique explained in section 8.2.2. 
The radial and hoop stress distributions at different locations are 
shown in Figure 8.44 - 8.47. It is clear from those figures that 
there is good agreement between the numerical and the experimental 
results. 
CHAPTER NINE 
CONCLUSIONS AND RECOMMENDATIONS 
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CHAPTER 9 
0 (LUSICNS AND RIXX"UMMAMCNS 
C TCLUSIc«s 
It is clear that the major objective of this work has been 
achieved. An advanced finite-element package, which is capable of 
static and dynamic analysis for radial impellers, and similar 
structures, has been designed and proved to be efficient and reliable. 
A new sub-parametric, 9-node, plate-bending, element, which 
takes the transverse shear and rotary inertia into consideration, has 
been introduced and has proved to perform very well within a wide 
range of plate thicknesses. 
A similar new element has been derived for facet shells and its 
accuracy and reliability has been confirmed for the static and dynamic 
analysis of curved shell structures. 
An alternative derivation for the 3D cylindrical-polar solid 
element has been introduced and proved to be more accurate than the 
conventional one given in the literature. 
The package's own mesh-generation and plotting techniques, 
including the additional facilities for axially- and 
sectorial ly-symmetri c structures, have proved to be very useful for 
the minimisation of human effort required for the modelling of radial 
impellers. 
Static and dynamic economical solvers introducd in the package, 
namely the static frontal solver and the subspace-iteration eigenvalue 
frontal solver, have proved to save an appreciable amount of computer 
CPU time when dealing with large structures such as radial impellers. 
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A good agreement between the dynamic results of a radial 
impeller obtained by the package and by the holographic experimental 
technique has been observed. The steady-state stresses measured for 
another rotating radial impeller have been close to those obtained by 
the finite-element package. 
Finally, the package presented here with its command procedure, 
user-friendly-data, error diagnosis, sophisticated library of finite 
elements, mesh generation and plotting, and other facilities has 
proved to be a very powerful tool for the static and dynamic analysis 
of turbomachine components. 
REOQM NDATIC1 FOR FLJRE WORK 
The package as it stands is a very compact and cheap facility 
which might interest small radial-impeller manufacturers. However, it 
may be useful for large establishments if the package could be 
interfaced with a versatile geometrical modeller such as the 
SDRC-IDEAS. 
Three-dimensional plotting could be improved by introducing a 
hidden-line facility and variable area contouring. 
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FIGURE 6.23 GENERATION OF FULL MESH FOR SECTORIALLY 
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Figure 8.35 Radial Impeller of Case One 
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Figure 8.36 Mode Shape of the Impeller 
Vibrating at 2418.2 Hz 
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No. 
Package Elerr nt Ný 
Code 
11 
i1 110 
4 -Node 
Quadrilateral 
I 
ý1 4 
21 120 
6-Node 
Serendipity 
1 2 3 
'n 4 - - 
31 130 
2 
8 
8-Node 
'Serendipity, 
9 
123 
76 
4 140 
18 09 
9 -Node 
Lagrangian 
9 
Table 2.1 Quadrilateral Family (part 1) 
123 
- 294 - 
No 
Package Element Name 
. Code 
"VI 
8765 
8-Node 
5 150 
Serendipity 
1234 
11 
9876 
10 Node 
6 160 5 10 Serendipity 
124 
10 987 
12-Node 
11 6 
7 170 
12 5 Serendipity 
1234 
Table 2.2 Quadrilateral Fm¢nily (part 2) 
- 295 
No package Element Nam . code 
TI 
3 
3-Node 
210 
Linear 
12 
11 
5 
6 -Node 
2 220 64 
Quadratic 
123 
7 
86 10-Node 
3 230 
9 5 Cubic 10 
1234 
Table 2.3 Triangular Family 
- 296 - 
package Element Name No. 
code 
c 
58 
8 -Node 
i 
1 310 617 
Lagrangian 
i; _ ---- .- 
23 
13 20 19 
14 20 Node 18 
. 
2 320 15 16 
9 
17 
12 
Serendipity 
1)) 
187 11 10 
6 
3. ý 
5 4 
Table 2.4 Hexahedral Family 
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package 
No. e 
Element Name 
cod 
c 
4 
4-Node 
410 
Tetrahedral 
2 
10 
29 10-Node 
2 420 8 
6 -_ 5 Tetrahedral 
4 
3 
Table 2.5 Tetrahedral Family 
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No. 
package 
code 
Element None 
c 
46 
6-Node 
510 5 
Pentahedral 
3 
2 
c 
10 15 14 
11 ; 15 Node 
3 
2 520 12, 
ý7 09 
6 
Y &- 
Serendipity 
8 5 
l 2o f" 
4 
3 ' 
Table 2.6 Pentahedral Family 
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Type of Element 
Number of 
Available 
Elements 
Two-D (Plane-Stress, Plane-Strain) 10 
Axisymmetric Elements 10 
Mindlin Elements 10 
Facet Thick Elements 10 
Ahmad Elements 10 
Kirchoff Elements 4 
Facet Thin Elements 4 
New Plate-Bending Elements 4 
New Facet Elements 4 
Three-D Cartesian Elements 6 
Three-D Cylindrical-Polar Elements 6 
Total 78 
Table. 7.1 Package Element Library 
----------------------- 
dl Intrinsic Family 
1 Lagrangian Quadrilateral Family 
2 Lagrangian Triangular Family 
3 Lagrangian Hexahedral Family 
4 Lagrangian Tetrahedral Family 
5 Lagrangian Pentahedral Family 
6 Hermitian Quadrilateral Family 
7 Hermitian Triangular Family 
Table. 7.2 Element First-Digit Code 
------------------------ 
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Holography FEM FEM 
Case Description Results First Mesh Second Mesh 
Results Results 
(Hz) (Hz) (Hz) 
First mode 1380 1272.6 1319.4 
Second mode 2729.7 2369.9 2435.6 
Third Mode 4958.6 4134.8 4257.3 
Table 8.1 Comparison Between Experimental and 
Theoretical Results for Blade Only. 
Holography FEM FEM 
Case Description Results First Mesh Second Mesh 
Results Results 
(Hz) (Hz) (Hz) 
Diametral Mode 2418.1 2674.4 2550.4 
Table 8.2 Comparison Between Experimental and 
Theoretical Results for Radial Impeller. 
